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LOCAL HARDY SPACES WITH VARIABLE EXPONENTS
ASSOCIATED TO NON-NEGATIVE SELF-ADJOINT
OPERATORS SATISFYING GAUSSIAN ESTIMATES
VI´CTOR ALMEIDA, JORGE J. BETANCOR, ESTEFANI´A DALMASSO,
AND LOURDES RODRI´GUEZ-MESA
Abstract. In this paper we introduce variable exponent local Hardy spaces
h
p(·)
L
(Rn) associated with a non-negative self-adjoint operator L. We assume
that, for every t > 0, the operator e−tL has an integral representation whose
kernel satisfies a Gaussian upper bound. We define h
p(·)
L
(Rn) by using an
area square integral involving the semigroup {e−tL}t>0. A molecular char-
acterization of h
p(·)
L
(Rn) is established. As an application of the molecular
characterization we prove that h
p(·)
L
(Rn) coincides with the (global) Hardy
space H
p(·)
L
(Rn) provided that 0 does not belong to the spectrum of L. Also,
we show that h
p(·)
L
(Rn) = H
p(·)
L+I(R
n).
1. Introduction
Hardy spaces were originated in the first half of the 20th century in the setting
of Fourier series and complex analysis in one variable. The foundations of the real
Hardy space Hp(Rn), 0 < p ≤ 1, were laid in the celebrated paper of Fefferman and
Stein [28]. After that article and until today, Hardy spaces, and their applications
and generalizations, have been an active and flourishing area of work. As it is
well-known, an important fact is that Hardy spaces Hp(Rn) serve as a substitute
of Lp(Rn) when 0 < p ≤ 1 in many applications.
Hardy spaces, initially defined on Rn, have been extended to other settings
having different underlying spaces (see [2], [6], [14], [36], [55] and [58], among oth-
ers). Hardy spaces Hp(Rn) are closely connected with the Laplacian operator
∆ =
∑n
i=1 ∂
2/∂x2i in R
n. These spaces can be characterized in several ways (max-
imal functions, Littlewood-Paley square functions, Riesz transforms,...) where ∆
appears. In order to analyze problems where other operators L, different from ∆,
are involved, new Hardy spaces have been defined in the last decade and they are
adapted, in some sense, to L.
It is usually considered a non-negative and self-adjoint operator L : D(L) ⊂
L2(Rn)→ L2(Rn). Then, the operator L generates a bounded analytic semigroup
{e−tL}t>0 ([50]). Also, it is assumed that the so-called heat semigroup {e−tL}t>0
associated with L satisfies some kind of off-diagonal estimates. Auscher, Duong and
McIntosh ([4]) and Duong and Yang ([25] and [26]) defined Hardy spaces related
to operators L such that, for every t > 0, the operator e−tL is an integral operator
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whose kernel satisfies a pointwise Gaussian upper bound. There exist operators,
for instance, second order divergence form elliptic operators on Rn with complex
coefficients, where pointwise heat kernels bounds may fail. In [6] and [33] Hardy
spaces associated with operators using only Davies-Gaffney type estimates in place
of pointwise kernel bounds were studied.
Weighted Hardy spaces adapted to operators such that {e−tL}t>0 fulfills rein-
forced off-diagonal estimates were introduced in [9]. This off-diagonal estimate
property had been considered by Auscher and Martell ([5]).
The principle that Hardy spaces Hp(Rn) are like Lp(Rn) when 0 < p < 1 breaks
down in some key points (see [29]). In order to solve this problem, Goldberg
([29]) introduced the so-called local Hardy spaces hp(Rn). These Hardy spaces are
more suited to problems related with partial differential equations. Distributions
in Hp(Rn) are boundary values of conjugate harmonic functions in the upper-half
space Rn+1+ . For distributions in h
p(Rn), Rn+1+ is replaced by the strip R
n × (0, 1).
Local Hardy spaces can be characterized by the corresponding localized maximal
operators, Littlewood-Paley square functions and Riesz transforms. Local Hardy
spaces have also been extended to other settings ([7], [12], [20], [56] and [59]) and
adapted to operators ([11], [30], [38] and [40]).
Hardy spaces with variable exponent were studied by Cruz-Uribe and Wang
([17]) and Nakai and Sawano ([48]). The role of Lp-spaces is now played by the
variable exponent Lebesgue spaces Lp(·)(Rn). In the monographs [18] and [23] a
systematic and exhaustive study of Lp(·)-spaces is presented. We will give below
the properties of the spaces Lp(·)(Rn) that we will use throughout this paper.
In [17] and [48], the variable exponent Hardy spaces Hp(·)(Rn) are characterized
by using the maximal functions and atomic representations. Sawano [53] generalized
the atomic characterizations of Hp(·)(Rn). Hardy spaces Hp(·)(Rn) are described in
terms of Riesz transforms and intrinsic square functions in [63] and [66], respectively.
The dual spaces of Hp(·)(Rn) are characterized as Campanato spaces in [48].
Variable exponent Hardy spaces Hp(·)(X) when X is a RD-homogeneous space
were studied by Zhuo, Sawano and Yang ([64]).
Lorentz spaces with variable exponents were investigated by Ephremidze, Koki-
lashvili and Samko [27] and Kempka and Vyb´ıral [39]. In [1] and [44] Hardy-Lorentz
spaces with variable exponents have also been studied.
Diening, Ha¨sto¨ and Roudenko ([24]) defined the variable exponent local Hardy
space hp(·)(Rn) as a Triebel-Lizorkin space F 0p(·),2(R
n) with variable integrability.
Nakai and Sawano ([48]) characterized hp(·)(Rn) by using local maximal functions.
Local Hardy spaces of Musielak-Orlicz type were studied in [60]. Musielak-Orlicz
and variable exponent Hardy spaces do not cover each other.
Hardy spaces with variable exponent associated with operators have been studied
in the last years. Yang and Zhuo ([62] and [65]) considered non-negative and
self-adjoint operators such that the semigroup {e−tL}t>0 satisfies upper Gaussian
bounds. In [61] the pointwise boundedness is replaced by reinforced off-diagonal
estimates.
Our objective in this article is to introduce local Hardy spaces with variable
exponents associated with operators. We prove a molecular characterization for
these local Hardy spaces. By using this characterization, we establish relations
between our local Hardy spaces with variable exponent and its global counterpart.
3Before stating our results we recall some definitions and properties that we will
use in the sequel.
Assume that p : Rn → (0,∞) is a measurable function. We define
p− = ess inf
x∈Rn
p(x), p+ = ess sup
x∈Rn
p(x).
Here, we suppose that 0 < p− ≤ p+ <∞. The modular of a measurable complex-
valued function f defined on Rn is given by
̺p(·)(f) :=
∫
Rn
|f(x)|p(x)dx.
The variable exponent Lebesgue space Lp(·)(Rn) consists of all those measurable
complex-valued functions f on Rn for which ̺p(·)(f) < ∞. The Luxemburg norm
on Lp(·)(Rn) is defined by
‖f‖p(·) = inf
{
λ > 0 : ̺p(·)
(
f
λ
)
≤ 1
}
, f ∈ Lp(·)(Rn).
An extensive study about Lp(·)-spaces can be encountered in [18] and [23].
A fundamental tool in harmonic analysis and, in particular, in the study of Hardy
spaces is the Hardy-Littlewood maximal functionM. Several authors have studied
Lp(·)-boundedness properties of M. The class of globally log-Ho¨lder continuous
functions plays an important role.
We say that an exponent p defined on Rn is globally log-Ho¨lder continuous,
abbreviated p ∈ C log(Rn), if the following two properties hold:
(LH1) There exists C > 0 such that
|p(x) − p(y)| ≤
C
log(e+ 1/|x− y|)
, x, y ∈ Rn.
(LH2) There exist C > 0 and p∞ ≥ 0 for which
|p(x)− p∞| ≤
C
log(e+ |x|)
, x ∈ Rn.
In [22] it was proved thatM is bounded from Lp(·)(Rn) into itself provided that
p ∈ C log(Rn) and p− > 1 (see also [16]). It is possible to obtain boundedness results
for M under weaker conditions ([21], [42], [49]).
Throughout this paper we consider a densely defined operator L : D(L) ⊂
L2(Rn) → L2(Rn), where D(L) denotes the domain of L, satisfying the follow-
ing two assumptions:
(A1) L is non-negative and self-adjoint. (Note that according to (A1) the ope-
rator −L generates a bounded analytic semigroup {e−tL}t>0 (see [50])).
(A2) For every t > 0, there exists a measurable function WLt defined on R
n×Rn
such that, for every f ∈ L2(Rn),
e−tLf(x) =
∫
Rn
WLt (x, y)f(y)dy, x ∈ R
n,
and it satisfies the following pointwise upper Gaussian bound:
(1.1) |WLt (x, y)| ≤ C
e−c
|x−y|2
t
tn/2
, x, y ∈ Rn,
for some positive constants c and C.
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From [50, Theorem 6.17], since {e−tL}t>0 is a bounded analytic semigroup and,
for every t > 0, (1.1) holds, it follows that, for every k ∈ N0 = N ∪ {0}, there exist
c, C > 0 such that
(1.2)
∣∣∣∣tk ∂k∂tkWLt (x, y)
∣∣∣∣ ≤ Ce−c|x−y|2/ttn/2 , x, y ∈ Rn, t > 0.
As it can be seen in [47, p. 227], since L satisfies the assumption (A1), L has a
bounded functional calculus and satisfies quadratic estimates (see for instance [47,
§8, Theorem, p. 225]). In particular, for every k ∈ N0, we have that
(1.3) ‖gkL(f)‖2 ≤ C‖f‖2, f ∈ L
2(Rn),
where gkL represents the k-th vertical Littlewood-Paley square function associated
with L which is defined by
gkL(f)(x) =
(∫ ∞
0
|(tL)ke−tL(f)(x)|2
dt
t
)1/2
, x ∈ Rn,
for f ∈ L2(Rn).
There exist many operators satisfying the assumptions (A1) and (A2). For in-
stance, the following operators fulfill both assumptions ([51]):
(i) L = −
n∑
k,j=1
∂
∂xj
(
akj
∂
∂xk
)
where akj = ajk are real-valued functions in
L∞(Rn), k, j = 1, . . . , n, and L is a uniformly elliptic operator;
(ii) the Schro¨dinger operator with magnetic field defined by
L = −
n∑
k=1
(
∂
∂xk
− ibk
)2
+ V,
where, for every k ∈ {1, ..., n}, bk ∈ L2loc(R
n) is a real-valued function and
0 ≤ V ∈ L1loc(R
n).
We now define the local Hardy space h
p(·)
L (R
n) with variable exponent p(·) associ-
ated to the operator L. Our definition is motivated by those ones due to Carbonaro,
McIntosh and Morris ([12]), who defined the local Hardy space h1 of differential
form on Riemannian manifolds, and Cao, Mayboroda and Yang ([11]) who intro-
duced local Hardy spaces hpA, 0 < p ≤ 1 associated with inhomogeneous higher
order elliptic operators A.
We consider the area square function SL defined by
SL(f)(x) =
(∫ ∞
0
∫
B(x,t)
|t2Le−t
2L(f)(y)|2
dydt
tn+1
)1/2
, x ∈ Rn,
and the localized area square integral function SlocL defined by
SlocL (f)(x) =
(∫ 1
0
∫
B(x,t)
|t2Le−t
2L(f)(y)|2
dydt
tn+1
)1/2
, x ∈ Rn,
where B(x, t) denotes the ball in Rn centered at x with radius t.
By (1.3) we deduce that both SL and S
loc
L are bounded (sublinear) operators
from L2(Rn) into itself.
The (global) Hardy space H
p(·)
L (R
n) associated with L was defined in [62] as
follows. A function f ∈ L2(Rn) is in H
p(·)
L (R
n) when SL(f) ∈ L
p(·)(Rn). The
5Hardy space H
p(·)
L (R
n) is the completion of H
p(·)
L (R
n) with respect to the quasi-
norm ‖ · ‖
H
p(·)
L (R
n)
given by
‖f‖
H
p(·)
L (R
n)
= ‖SL(f)‖p(·), f ∈ H
p(·)
L (R
n).
We introduce the local Hardy space h
p(·)
L (R
n) associated with L in the follow-
ing way. A function f ∈ L2(Rn) is in h
p(·)
L (R
n) when SlocL (f) ∈ L
p(·)(Rn) and
SI(e
−Lf) ∈ Lp(·)(Rn). Here, SI denotes the area square integral associated with
the identity operator. We consider the quasi-norm ‖ · ‖
h
p(·)
L (R
n)
given by
‖f‖
h
p(·)
L (R
n)
= ‖SlocL (f)‖p(·) + ‖SI(e
−Lf)‖p(·), f ∈ h
p(·)
L (R
n).
We define the local Hardy space h
p(·)
L (R
n) as the completion of h
p(·)
L (R
n) with
respect to ‖ · ‖
h
p(·)
L (R
n)
.
Our local Hardy space h
p(·)
L (R
n) should meet the following two properties:
(I) H
p(·)
L (R
n) ⊂ h
p(·)
L (R
n);
(II) if p(x) = p, x ∈ Rn, with 0 < p ≤ 1, then h
p(·)
L (R
n) = hpL(R
n) where, by
hpL(R
n) we denote the local Hardy space (with constant exponent) defined
in [29], [38] and [40].
It is not clear from the above definition that (I) and (II) hold. However these
properties will be transparent by using the molecular characterization of h
p(·)
L (R
n)
that we establish in Theorem 1.1.
Let B = B(xB , rB) be a ball in R
n with xB ∈ Rn and rB > 0. If λ > 0, we
define λB = B(xB , λrB). For every i ∈ N, Si(B) = 2iB \ 2i−1B and S0(B) = B.
Let M ∈ N0 and ε > 0. We distinguish two types of local molecules: a measurable
function m ∈ L2(Rn) is a (p(·), 2,M, ε)L,loc-molecule associated to the ball B =
B(xB , rB)
(a) of (I)-type: when rB ≥ 1 and ‖m‖L2(Si(B)) ≤ 2
−iε|2iB|1/2‖χ2iB‖
−1
p(·), i ∈
N0,
(b) of (II)-type: rB ∈ (0, 1) and there exists b ∈ L2(Rn) such that m = LMb
and, for every k ∈ {0, 1, . . . ,M},
‖Lk(b)‖L2(Si(B)) ≤ 2
−iεr
2(M−k)
B |2
iB|1/2‖χ2iB‖
−1
p(·), i ∈ N0.
We say that f ∈ L2(Rn) is in the space h
p(·)
L,mol,M,ε(R
n) when, for every j ∈ N,
there exist λj > 0 and a (p(·), 2,M, ε)L,loc-molecule mj associated to the ball Bj
such that f =
∑
j∈N
λjmj in L
2(Rn) and
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p ∈ Lp(·)(Rn).
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Here and in the sequel, p = min{1, p−}. We define the quasi-norm ‖ · ‖
h
p(·)
L,mol,M,ε(R
n)
as follows. For every f ∈ h
p(·)
L,mol,M,ε(R
n),
‖f‖
h
p(·)
L,mol,M,ε(R
n)
= inf
∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
,
where the infimum is taken over all the sequences {(λj , Bj)}j∈N such that, for every
j ∈ N, λj > 0 and Bj is a ball for which there exists a (p(·), 2,M, ε)L,loc-molecule
mj associated with it, verifying f =
∑
j∈N
λjmj in L
2(Rn) and
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p ∈ Lp(·)(Rn).
The space h
p(·)
L,mol,M,ε(R
n) is the completion of h
p(·)
L,mol,M,ε(R
n) with respect to
‖ · ‖
h
p(·)
L,mol,M,ε(R
n)
.
We now establish a molecular characterization of the space h
p(·)
L (R
n).
Theorem 1.1. Let p ∈ C log(Rn) such that p+ < 2.
(i) If ε > n( 1p− −
1
p+ ) and M ∈ N such that 2M > n(2/p
−− 1/2− 1/p+), then
h
p(·)
L,mol,M,ε(R
n) ⊂ h
p(·)
L (R
n).
(ii) If ε > 0 and M ∈ N, then h
p(·)
L (R
n) ⊂ h
p(·)
L,mol,M,ε(R
n).
The embeddings in (i) and (ii) are algebraic and topological.
In [65, Definition 1.6] Zhuo and Yang defined global (p(·), 2,M)L-atoms with
M ∈ N as follows. A function a is a (p(·), 2,M)L-atom associated with the ball
B when there exists b ∈ L2(Rn) such that a = LMb, supp(Lkb) ⊂ B for every
k ∈ {0, 1, . . . ,M} and
‖Lkb‖2 ≤ r
2(M−k)
B |B|
1/2‖χB‖
−1
p(·), k ∈ {0, 1, . . . ,M},
where rB represents the radius of B.
Zhuo and Yang ([65, Theorem 1.8]) proved that if p ∈ C log(Rn) with p+ ∈ (0, 1]
(in fact, the proof is also valid for p+ ∈ (0, 2)) and M ∈ N, M > n2 [
1
p− − 1],
then, for every f ∈ L2(Rn) ∩H
p(·)
L (R
n), there exist, for each j ∈ N, λj > 0 and a
(p(·), 2,M)L-atom associated with the ball Bj such that f =
∑
j∈N λjaj in L
2(Rn)
and ∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p ∈ Lp(·)(Rn).
If α ∈ R, we denote [α] = inf{k ∈ Z : k + 1 > α}.
It is not hard to see that if a is a (p(·), 2,M)L-atom, then a is also a (p(·), 2,M, ε)L,loc-
molecule, for every M ∈ N and ε > 0.
From Theorem 1.1 we deduce that H
p(·)
L (R
n) ⊂ h
p(·)
L (R
n), provided that p ∈
C log(Rn) and p+ < 2. Hence, the above property (I) holds.
7On the other hand, the molecular and atomic characterizations established in
[29], [30], [38] and [40], and Theorem 1.1 allow us to prove that the above property
(II) is also satisfied.
Also, from Theorem 1.1 we deduce the following result.
Corollary 1.2. Let p ∈ C log(Rn) such that p+ < 2. Then, h
p(·)
L (R
n) ⊂ Lp(·)(Rn).
Furthermore, h
p(·)
L (R
n) = H
p(·)
L (R
n) = Lp(·)(Rn), provided that p− > 1.
In order to show Theorem 1.1 we need to consider the global Hardy space
H
p(·)
I (R
n) associated with the identity operator. Note that, for every t > 0, the
operator e−tI is not an integral operator. However, as it was proved in [11, Re-
mark 3.9(b)], e−tI satisfies the Davies-Gaffney estimates, but it does not verify
reinforced off-diagonal estimates. Then, the Hardy space H
p(·)
I (R
n) is not included
in the ones studied in [61]. A remarkable property is the equality H
p(·)
I (R
n) =
L
p(·)
Q (R
n), established in Theorem 3.11. The space L
p(·)
Q (R
n) is a space of mixed-
norm with variable exponent (see Section 2 for details), and it is an extension to
variable exponent of certain function spaces considered in [11] and [12].
In the proof of Theorem 1.1 we also consider the local tent space t
p(·)
2 (R
n) that
is used to prove Theorem 1.1(i).
We now state a generalization of [40, Theorem 7].
Theorem 1.3. Let p ∈ C log(Rn) such that p+ < 2. Then, h
p(·)
L (R
n) = H
p(·)
L (R
n),
provided that inf σ(L) > 0, where σ(L) represents the spectrum of L in L2(Rn).
The equality is algebraic and topological.
Kempainnen’s result ([40, Theorem 7]) appears when p(x) ≡ 1, x ∈ Rn, in
Theorem 1.3.
We prove Theorem 1.3 by using molecular characterizations of h
p(·)
L (R
n) (Theo-
rem 1.1) and of H
p(·)
L (R
n) ([65, Theorem 1.8]).
The Hermite operator (also called harmonic oscillator) is the Schro¨dinger oper-
ator with potential V (x) = |x|2, x ∈ Rn, that is, H = −∆ + |x|2. The spectrum
of H in L2(Rn) (in fact, in Lp(Rn) for 1 < p < ∞) is σ(H) = {2k + n : k ∈ N}.
Hence, Theorem 1.3 applies for H .
The twisted Laplacian operator L is defined by
L = −
1
2
n∑
j=1
((∂xj + iyj)
2 + (∂yj − ixj)
2), (x, y) ∈ Rn × Rn.
It is a magnetic Schro¨dinger operator with potential zero. The spectrum of L is
σ(L) = {2k + n : k ∈ N}. Spectral projections for L have been studied by Koch
and Ricci ([41]), Stempak and Zienkiewicz ([54]) and Thangavelu ([57]). Theorem
1.3 also works for L = L.
The Hardy space H1L(R
2n) associated with the twisted Laplacian L was studied
by Mauceri, Piccardello and Ricci ([46]). More recently, Hardy spaces HpL(R
2n),
for 0 < p < 1, were treated in [34] and [35]. The strategy employed in [46], and
then in [34] and [35] is “ad-hoc” for the operator L. Our procedure applies to a
wider class of operators. The Hardy spaces HpL(R
2n), for 0 < p ≤ 1, are defined
by using maximal functions given in terms of the so called twisted convolution (see
for instance [34], [35] and [46]). They prove that HpL(R
2n) is actually a local Hardy
space hpL(R
2n) defined by a local maximal function and closely connected with the
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classical local Hardy space hp(R2n) introduced by Goldberg [29]. In [46], it is fun-
damental an atomic description of the space H1L(R
2n) by using atoms that satisfy
a twisted null moment property that depends on the center of the ball associated
with the atom. For us, it is not clear how to extend this atomic characterization
to variable exponent Hardy spaces associated with L. The obstruction is that the
molecular quasi-norm works in a very different way when we have variable expo-
nents. These differences are transparent in the results of Ha¨sto¨ ([32]). On the other
hand, global Hardy spaces associated with general magnetic Schro¨dinger operators
were investigated in [37] with constant exponents and in [60] in the Musielak-Orlicz
setting. The procedure used in those articles depends strongly on the properties of
certain partial differential equations that do not hold for general operators.
Another consequence of the molecular characterization in Theorem 1.3 is given
in the following result.
Theorem 1.4. Let p ∈ C log(Rn) with p+ < 2. Then, h
p(·)
L (R
n) = H
p(·)
L+I(R
n)
algebraically and topologically.
This result generalizes the one obtained in [38] where it is proved that h1L(R
n) =
H1L+I(R
n). Other property of this type was established for 0 < p ≤ 1 and inhomo-
geneous higher order elliptic operators in [11, Theorem 4.6].
Since σ(L+I) ⊂ [1,∞), by combining Theorems 1.3 and 1.4 we get the following
Corollary.
Corollary 1.5. Let p ∈ C log(Rn) with p+ < 2. Then, for every m ∈ N, h
p(·)
L (R
n) =
H
p(·)
L+mI(R
n) algebraically and topologically.
The remaining of the paper is organized as follows. In Section 2 we recall defi-
nitions and main properties of tent and local tent spaces with variable exponents.
In Section 3 we establish that H
p(·)
I (R
n) coincides with certain spaces denoted
by L
p(·)
Q (R
n) what allow us to give an atomic and a molecular decomposition of
H
p(·)
I (R
n). The proofs of Theorem 1.1 and Corollary 1.2 are presented in Section
4. Theorems 1.3 and 1.4 are proved in Section 5 and 6 respectively.
Throughout this paper, by C and c we shall always denote positive constants
that may change from one line to another.
2. Tent and local tent spaces with variable exponent
Tent spaces were introduced by Coifman, Meyer and Stein in their celebrated
paper [13]. The definition and main properties of variable exponent tent spaces can
be found in [62] and [66].
Let F be a complex-valued measurable function on Rn+1+ . We define T (F ) as
follows
T (F )(x) =
(∫ ∞
0
∫
B(x,t)
|F (y, t)|2
dydt
tn+1
)1/2
, x ∈ Rn.
We say that F is in the tent space T
p(·)
2 (R
n) when T (F ) ∈ Lp(·)(Rn). On
T
p(·)
2 (R
n) we consider the quasi-norm ‖ · ‖
T
p(·)
2
defined by
‖F‖
T
p(·)
2 (R
n)
= ‖T (F )‖p(·), F ∈ T
p(·)
2 (R
n).
9Thus, T
p(·)
2 (R
n) is a quasi-Banach space. When p(x) = r, x ∈ Rn, for some
r ∈ (0,∞), the space T
p(·)
2 (R
n) reduces to the tent space T r2 (R
n) defined in [13].
Let q ∈ (1,∞). A measurable function A in Rn+1+ is said to be a (T
p(·)
2 , q)-atom
associated to a ball B = B(xB , rB) with xB ∈ Rn and rB > 0, when
(i) supp A ⊂ B̂, where B̂ denotes the tent supported on B, that is,
B̂ = {(x, t) ∈ Rn+1+ : x ∈ B(xB , rB − t), 0 < t < rB}.
(ii) ‖A‖T q2 (Rn) ≤ |B|
1/q‖χB‖
−1
p(·).
Furthermore, we say that A is a (T
p(·)
2 ,∞)-atom when A is a (T
p(·)
2 , q)-atom for
every q ∈ (1,∞).
In [66, Theorem 2.16] the following atomic decomposition of the elements of
T
p(·)
2 (R
n) was established.
Lemma 2.1. Let p ∈ C log(Rn). Then, there exists C > 0 such that, for every
F ∈ T
p(·)
2 (R
n) we can find, for each j ∈ N, λj > 0 and a (T
p(·)
2 ,∞)-atom Aj
associated with the ball Bj, such that
F (x, t) =
∑
j∈N
λjAj(x, t),
where the series converges absolutely for almost every (x, t) ∈ Rn+1+ , in T
p(·)
2 (R
n)
and, when F ∈ T 22 (R
n) also in T 22 (R
n), and we have that∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖F‖
T
p(·)
2 (R
n)
.
Non-uniformly local tent spaces with constant exponent have been studied by
Amenta and Kemppainen ([3]). We consider uniformly local tent spaces with vari-
able exponents.
Let F be a measurable complex-valued function on Rn×(0, 1). We define T loc(F )
by
T loc(F )(x) =
(∫ 1
0
∫
B(x,t)
|F (y, t)|2
dydt
tn+1
)1/2
, x ∈ Rn.
We say that F is in the local tent space t
p(·)
2 (R
n) when T loc(F ) ∈ Lp(·)(Rn).
We define
‖F‖
t
p(·)
2 (R
n)
= ‖T loc(F )‖p(·), F ∈ t
p(·)
2 (R
n).
The space t
p(·)
2 (R
n) endowed with the quasi-norm ‖ · ‖
t
p(·)
2 (R
n)
is a quasi-Banach
space. By taking p(x) = r, x ∈ Rn, with r ∈ (0, 1), the space t
p(·)
2 (R
n) reduces to
the space tr2(R
n) considered in [11] and [12].
We define atoms in t
p(·)
2 (R
n) as follows. Here we consider only 2-atoms. A
measurable function A is a (t
p(·)
2 , 2)-atom associated with the ball B when supp A ⊂
B̂ ∩ (Rn × (0, 1)) and ‖A‖t22(Rn) ≤ |B|
1/2‖χB‖
−1
p(·).
By combining the arguments in [12, Theorem 3.6] and [66, Theorem 2.16] (see
also [52]) we can prove the following atomic representation for the elements of
t
p(·)
2 (R
n).
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Lemma 2.2. Let p ∈ C log(Rn). For a certain C > 0 we have that, for every
F ∈ t
p(·)
2 (R
n) there exist, for each j ∈ N, λj > 0 and a (t
p(·)
2 , 2)-atom Aj associated
with the ball Bj, such that
F (x, t) =
∑
j∈N
λjAj(x, t), (x, t) ∈ R
n × (0, 1),
where the series converges absolutely for almost every (x, t) ∈ Rn × (0, 1), in
t
p(·)
2 (R
n) and, in t22(R
n), provided that F ∈ t22(R
n), and also∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖F‖
t
p(·)
2 (R
n)
.
3. The spaces L
p(·)
Q (R
n) and H
p(·)
I (R
n)
A sequence of cubes Q = {Qj}j∈N is said to be a unit cube structure on Rn
when the following properties are satisfied:
(i) ∪j∈N Qj = Rn;
(ii) Q◦i ∩Q
◦
j = ∅, i, j ∈ N, i 6= j;
(iii) there exist 0 < δ ≤ 1 and a sequence {Bj}j∈N of balls in Rn with radius 1
such that δBj ⊂ Qj ⊂ Bj , for each j ∈ N.
Here A◦ denotes the interior of the set A.
Suppose that Q is a unit cube structure. The space L
p(·)
Q (R
n) consists of all
those measurable functions f on Rn for which the series∑
j∈N
|Qj|
−1/2
∥∥fχQj∥∥2 χQj
converges in Lp(·)(Rn). We define, for f ∈ L
p(·)
Q (R
n), the quantity
‖f‖
L
p(·)
Q (R
n)
=
∥∥∥∥∥∥
∑
j∈N
|Qj |
−1/2
∥∥fχQj∥∥2 χQj
∥∥∥∥∥∥
p(·)
.
It is clear that L
p(·)
Q (R
n) ⊂ L2loc(R
n).
Note that, according to the property (iii) of Q, for every f ∈ L
p(·)
Q (R
n)
(3.1) (δnωn)
1/2‖f‖
L
p(·)
Q (R
n)
≤
∥∥∥∥∥∥
∑
j∈N
∥∥fχQj∥∥2 χQj
∥∥∥∥∥∥
p(·)
≤ ω1/2n ‖f‖Lp(·)Q (Rn)
where ωn = |B(0, 1)|. Thus, a function f ∈ L
p(·)
Q (R
n) if and only if the series∑
j∈N
∥∥fχQj∥∥2 χQj converges in Lp(·)(Rn).
Suppose now that α : N → N is a bijective mapping and f ∈ L
p(·)
Q (R
n). We
define, for every m ∈ N, Fm =
m∑
j=1
∥∥fχQα(j)∥∥2 χQα(j) . It is clear that the sequence
{Fm}m∈N is increasing and verifies Fm ≤
∑
j∈N
∥∥fχQj∥∥2 χQj . Then, since p+ < ∞,
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according to [23, Lemma 3.2.8 (c)], Fm →
∑
j∈N
∥∥fχQα(j)∥∥2 χQα(j) , when m → ∞
in Lp(·)(Rn), and ∑
j∈N
∥∥fχQα(j)∥∥2 χQα(j) ≤∑
j∈N
∥∥fχQj∥∥2 χQj .
Similarly, we can see that∑
j∈N
∥∥fχQj∥∥2 χQj ≤∑
j∈N
∥∥fχQα(j)∥∥2 χQα(j) .
Hence, the series
∑
j∈N
∥∥fχQα(j)∥∥2 χQα(j) converges unconditionally in Lp(·)(Rn). By
[32, Theorem 2.4], for every f ∈ L
p(·)
Q (R
n), we know that
‖f‖
L
p(·)
Q (R
n)
∼
∑
j∈N
(∥∥fχQj∥∥2 ∥∥χQj∥∥p(·))p∞
1/p∞
where p∞ was defined in (LH2).
The space L
p(·)
Q (R
n) does not depend on the unit cube structure on Rn.
Proposition 3.1. Let p ∈ C log(Rn) and suppose that Q and R are two unit cube
structures on Rn. Then, L
p(·)
Q (R
n) = L
p(·)
R (R
n) algebraical and topologically.
Proof. We write Q = {Qj}j∈N and R = {Rj}j∈N. There exists J0 ∈ N such that,
for every j ∈ N, the set
Aj = {i ∈ N : Ri ∩Qj 6= ∅}
has at most J0 elements and then we can find a cube Sj in R
n such that its side-
length is less or equal than 2J0 and ∪i∈AjRi ⊂ Sj . According to [66, Lemma 2.6],
we know that there exists C > 0 such that, for every j ∈ N,
‖χSj‖p(·)
‖χRi‖p(·)
≤ C
(
|Sj |
|Ri|
)1/p−
≤ C, i ∈ Aj .
Hence, given f ∈ L
p(·)
R (R
n),∑
j∈N
(∥∥fχQj∥∥2 ∥∥χQj∥∥p(·))p∞ ≤∑
j∈N
(∥∥∥fχ{∪i∈AjRi}∥∥∥2 ∥∥χSj∥∥p(·))p∞
≤ C
∑
j∈N
∑
i∈Aj
‖fχRi‖2 ‖χRi‖p(·)
p∞
≤ C
∑
i∈N
(
‖fχRi‖2 ‖χRi‖p(·)
)p∞
,
where we have used that there exists J1 ∈ N such that for every i ∈ N, the set
{j ∈ N : Ri ∩Qj 6= ∅} has at most J1 elements. Thus, f ∈ L
p(·)
Q (R
n). By repeating
the argument used above, interchanging the roles of Q andR, we obtain the desired
result. 
Let B be a ball in Rn with radius greater than or equal to 1. A measurable
function a on Rn is called a L
p(·)
Q -atom associated with B when a is supported on
B and ‖a‖2 ≤ |B|
1/2‖χB‖
−1
p(·).
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Next, we establish a characterization of L
p(·)
Q (R
n) by using atoms.
Theorem 3.2. Assume that p ∈ C log(Rn) with p+ < 2, Q is a unit cube structure
on Rn and f a measurable function on Rn. The following assertions are equivalent.
(i) f ∈ L
p(·)
Q (R
n).
(ii) For every j ∈ N, there exist λj > 0 and a L
p(·)
Q -atom aj associated with a
ball Bj with radius greater than or equal to 1 such that f =
∑
j∈N
λjaj in L
p(·)
Q (R
n)
and ∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
<∞.
Moreover, the quantities ‖f‖
L
p(·)
Q (R
n)
and ‖f‖
L
p(·)
Q,at(R
n)
are comparable, where
‖f‖
L
p(·)
Q,at(R
n)
= inf
∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
and the infimum is taken over all the sequences {(λj , Bj)}j∈N verifying that λj > 0
and there exists a L
p(·)
Q -atom aj associated with the ball Bj with radius greater or
equal than 1 such that f =
∑
j∈N
λjaj in L
p(·)
Q (R
n).
Remark 3.3. The statement (i)⇒ (ii) is true when p ∈ C log(Rn) with p+ <∞.
Proof. We write Q = {Qj}j∈N. Since Q is a unit cube structure, there exists
0 < δ ≤ 1 such that, for every j ∈ N, δBj ⊂ Qj ⊂ Bj for certain ball Bj with
radius 1.
Suppose first that f ∈ L
p(·)
Q (R
n). For every j ∈ N for which
∥∥fχQj∥∥2 6= 0, we
define
λj =
∥∥fχQj∥∥2 ‖χBj‖p(·)
|Bj |1/2
and aj =
1
λj
fχQj ,
and, in other case, λj = 0 and aj = 0. Clearly, f =
∑
j∈N
λjaj a.e. in R
n.
Let j1, j2 ∈ N, j1 ≤ j2. We have that
j2∑
j=j1
λjaj =
j2∑
j=j1
fχQj a.e. in R
n,
and, by (3.1), and since Q◦j ∩Q
◦
k = ∅, j, k ∈ N, j 6= k,∥∥∥∥∥∥
j2∑
j=j1
λjaj
∥∥∥∥∥∥
L
p(·)
Q (R
n)
=
∥∥∥∥∥∥
j2∑
j=j1
fχQj
∥∥∥∥∥∥
L
p(·)
Q (R
n)
≤ C
∥∥∥∥∥∥
j2∑
j=j1
∥∥fχQj∥∥2 χQj
∥∥∥∥∥∥
p(·)
.
This means that
{∑m
j=1 λjaj
}
m∈N
is a Cauchy sequence in L
p(·)
Q (R
n) and the com-
pleteness of L
p(·)
Q (R
n) implies that limm→∞
∑m
j=1 λjaj = g in the sense of L
p(·)
Q (R
n),
for certain g ∈ L
p(·)
Q (R
n). Then, there exists an increasing function h : N→ N such
that limm→∞
∑h(m)
j=1 λjaj = g a.e. in R
n. Hence, f = g a.e. in Rn.
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It is clear that, for each j ∈ N, aj is a L
p(·)
Q -atom associated to Bj .
Also, by [66, Lemma 2.6] and since Qj ⊂ Bj ⊂ δ−1Qj , we have that ‖χBj‖p(·) ∼
‖χQj‖p(·) ∼ ‖χδ−1Qj‖p(·), for each j ∈ N. Here, if α > 0 and Q is a cube with sides
of length ℓQ, αQ represents the cube with the same center as Q and with sides of
length αℓQ. By using [62, Remark 3.16] and that Q
◦
j ∩Q
◦
k = ∅, j, k ∈ N, j 6= k, we
deduce that∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λjχδ−1Qj
‖χδ−1Qj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λjχQj
‖χQj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C
∥∥∥∥∥∥
∑
j∈N
λjχQj
‖χQj‖p(·)
∥∥∥∥∥∥
p(·)
≤ C‖f‖
L
p(·)
Q (R
n)
<∞.
Conversely, assume that f =
∑
j∈N λjaj in L
p(·)
Q (R
n) where, for every j ∈ N,
λj > 0 and aj is a L
p(·)
Q -atom associated with the ball Bj with radius greater or
equal than 1 satisfying that∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
<∞.
For every j ∈ N, we define the set Jj = {i ∈ N : Bj ∩Qi 6= ∅}. Then, we can write
‖f‖
L
p(·)
Q (R
n)
≤
∥∥∥∥∥∥
∑
i∈N
∑
j∈N
λj ‖ajχQi‖2 χQi
∥∥∥∥∥∥
p(·)
=
∥∥∥∥∥∥
∑
j∈N
λj
∑
i∈Jj
‖ajχQi‖2 χQi
∥∥∥∥∥∥
p(·)
=
∥∥∥∥∥∥
∑
j∈N
λjbj
∥∥∥∥∥∥
p(·)
≤
∥∥∥∥∥∥∥
∑
j∈N
(λjbj)
p
1/p
∥∥∥∥∥∥∥
p(·)
,
where bj =
∑
i∈Jj
‖ajχQi‖2 χQi , j ∈ N. It is clear that, since the radius of Bj is at
least 1 and Qj is contained in a ball of radius 1, then supp bj ⊂ 3Bj . Thus,
‖bj‖2 =
∑
i∈Jj
‖ajχQi‖
2
2
1/2 ≤ ‖aj‖2 ≤ |Bj |1/2‖χBj‖−1p(·) ≤ C|3Bj |1/2‖χ3Bj‖−1p(·)
Moreover, since p+ < 2, according to [53, Lemma 4.1] and [62, Remark 3.16] we
have that ∥∥∥∥∥∥∥
∑
j∈N
(λjbj)
p
1/p
∥∥∥∥∥∥∥
p(·)
≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λjχ3Bj
‖χ3Bj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
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≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
.
The proof is thus finished. 
Remark 3.4. In the proof of Theorem 3.2 it is established that, if p ∈ C log(Rn)
then, for every f ∈ L
p(·)
Q (R
n), there exist, for every j ∈ N, λj > 0 and a L
p(·)
Q -atom
aj associated with a ball Bj with radius 1 such that f =
∑
j∈N
λjaj in L
p(·)
Q (R
n) and∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
∼ ‖f‖
L
p(·)
Q (R
n)
.
As a consequence of Theorem 3.2 we obtain the following result.
Corollary 3.5. Assume that p ∈ C log(Rn) with p+ < 2, and Q is a unit cube
structure on Rn. Then, L
p(·)
Q (R
n) is contained in Lp(·)(Rn).
Proof. Let f ∈ L
p(·)
Q (R
n). By virtue of Theorem 3.2 we can write f =
∑
j∈N λjaj
in L
p(·)
Q (R
n) where for every j ∈ N, λj > 0 and aj is a L
p(·)
Q -atom associated with
a ball Bj with radius at least 1 satisfying that∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
<∞.
Let j1, j2 ∈ N, j1 ≤ j2. Since p+ < 2, according to [64, Proposition 2.11] we deduce
that∥∥∥∥∥∥
j2∑
j=j1
λjaj
∥∥∥∥∥∥
p(·)
≤
∥∥∥∥∥∥∥
 j2∑
j=j1
(λjaj)
p
1/p
∥∥∥∥∥∥∥
p(·)
≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
.
Then, the series
∑
j∈N λjaj defines a function g in L
p(·)(Rn). Moreover, we can
find an increasing function h : N → N such that limm→∞
h(m)∑
j=1
λjaj = g a.e. in R
n.
Hence, f = g a.e. in Rn, so f ∈ Lp(·)(Rn). 
Remark 3.6. The inclusion established in Corollary 3.5 is proper. In order to prove
this fact, we modify the function considered in [10, Remark 3.10]. Suppose that
p ∈ C log(Rn) with p+ < 2, so p− < 2. We define
f(x) = |x|
σ− n
p− χB(0,1)(x), x ∈ R
n,
where n(1/p−−1/p+) < σ < n(1/p−−1/2). It is not hard to see that f /∈ L2loc(R
n).
Then, f /∈ L
p(·)
Q (R
n). On the other hand, we have that∫
Rn
|f(x)|p(x)dx =
∫
B(0,1)
|x|
(
σ− n
p−
)
p(x)
dx ≤
∫
B(0,1)
|x|
(
σ− n
p−
)
p+
dx <∞.
Hence, f ∈ Lp(·)(Rn).
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Our next objective is to characterize the Hardy space H
p(·)
I (R
n) associated with
the identity operator I, by using atoms and molecules (see Propositions 3.8 and
3.10).
Let M ∈ N0 and ε > 0. A function a ∈ L2(Rn) is said to be a (p(·), 2,M)-
atom associated with the ball B = B(xB , rB), with xB ∈ Rn and rB > 0, when
supp a ⊂ B and, for every k ∈ {0, 1, . . . ,M}, ‖a‖2 ≤ r2kB |B|
1/2‖χB‖
−1
p(·). The atomic
Hardy space H
p(·)
I,at,M (R
n) and the quasi-norm ‖·‖
H
p(·)
I,at,M (R
n)
are defined in the usual
way.
A function m ∈ L2(Rn) is a (p(·), 2,M, ε)-molecule associated with the ball
B = B(xB , rB), where xB ∈ Rn and rB > 0, when for every i ∈ N0,
(3.2) ‖m‖L2(Si(B)) ≤ 2
−iεr2kB |2
iB|1/2‖χ2iB‖
−1
p(·), k ∈ {0, 1, . . . ,M}.
The molecular Hardy space H
p(·)
I,mol,M,ε(R
n) and the quasi-norm ‖ · ‖
H
p(·)
I,mol,M,ε(R
n)
are defined in the usual way.
We observe that for every M ∈ N0, if a is a (p(·), 2,M)-atom, then a is also a
(p(·), 2,M, ε)-molecule, for each ε > 0. Thus, H
p(·)
I,at,M (R
n) is continuously contained
in H
p(·)
I,mol,M,ε(R
n), for every M ∈ N0 and ε > 0.
Also, if m is a (p(·), 2,M, ε)-molecule associated to the ball B = B(xB , rB), with
xB ∈ Rn and rB > 0, from (3.2) and by using [61, Lemma 3.8], we get
‖m‖22 =
∑
i∈N
‖m‖2L2(Si(Bj)) ≤ r
4k
B
∑
i∈N
2−2iε|2iB|‖χ2iB‖
−2
p(·)
≤ Cr4kB |B|‖χB‖
−2
p(·)
∑
i∈N
2−2i(ε−n/2+n/p
+), k ∈ {0, 1, ...,M}.
If ε > n(1/2− 1/p+) we conclude that
(3.3) ‖m‖2 ≤ Cr
2k
B |B|
1/2‖χB‖
−1
p(·), k ∈ {0, 1, ...,M}.
The following result will be very useful in the proof of Proposition 3.8. Let us
consider, for every M ∈ N, the operator
ΠM (F )(x) =
∫ ∞
0
t2Me−t
2
F (x, t)
dt
t
, F ∈ T 22 (R
n).
Lemma 3.7. Let M ∈ N. There exists C0 > 0 such that if A is a (T
p(·)
2 , 2)-atom
associated with the ball B, then C0ΠM (A) is a (p(·), 2,M)-atom associated with B
(and then, it is a (p(·), 2,M, ε)-molecule associated with B, when ε > 0). Moreover,
ΠM defines a bounded operator from T
2
2 (R
n) into L2(Rn) and it can be extended
from T 22 (R
n) ∩ T
p(·)
2 (R
n) to T
p(·)
2 (R
n) as a bounded operator from T
p(·)
2 (R
n) into
H
p(·)
I,at,M (R
n) (and then, into H
p(·)
I,mol,M,ε(R
n), when ε > 0) and, when p+ < 2, into
Lp(·)(Rn).
Proof. Suppose that F ∈ L2(Rn+1+ ). Ho¨lder’s inequality leads to
‖ΠM (F )‖
2
2 =
∫
Rn
(∫ ∞
0
t2Me−t
2
|F (y, t)|
dt
t
)2
dy
≤
∫
Rn
∫ ∞
0
(t2Me−t
2
)2
dt
t
∫ ∞
0
|F (y, t)|2
dt
t
dy
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≤ C
∫
Rn
∫ ∞
0
∫
B(y,t)
|F (y, t)|2dx
dtdy
tn+1
= C‖F‖2T 22 (Rn)
.
Hence, the operator ΠM is bounded from T
2
2 (R
n) into L2(Rn).
Let A be a (T
p(·)
2 , 2)-atom associated with the ball B = B(xB , rB) where xB ∈ R
n
and rB > 0. Since suppA ⊂ B̂, we have that suppΠM (A) ⊂ B and
‖ΠM (A)‖L2(Si(B)) =
(∫
Si(B)
∣∣∣∣∫ rB
0
t2Me−t
2
A(x, t)
dt
t
∣∣∣∣2 dx
)1/2
= 0, i ∈ N.
On the other hand,
‖ΠM (A)‖L2(B) =
(∫
B
∣∣∣∣∫ rB
0
t2Me−t
2
A(x, t)
dt
t
∣∣∣∣2 dx
)1/2
≤
(∫
B
∫ rB
0
t4M−1e−2t
2
dt
∫ rB
0
|A(x, t)|2
dtdx
t
)1/2
≤ C
(∫ rB
0
t4M−1e−2t
2
dt
)1/2
‖A‖T 22 (Rn).
Since ∫ rB
0
t4M−1e−2t
2
dt ≤
∫ rB
0
t4M−1dt ≤ Cr4MB ,
and, for every k ∈ {0, 1, . . . ,M − 1},∫ rB
0
t4M−1e−2t
2
dt ≤ r4kB
∫ ∞
0
t4(M−k)−1e−2t
2
dt ≤ Cr4kB ,
we conclude that,
‖ΠM (A)‖L2(B) ≤ Cr
2k
B |B|
1/2‖χB‖
−1
p(·), k ∈ {0, 1, ...,M}.
Hence, there exists C0 > 0 independent of A such that C0ΠM (A) is a (p(·), 2,M)-
atom and so, C0ΠM (A) is a (p(·), 2,M, ε)-molecule, when ε > 0.
Let F be in T
p(·)
2 (R
n) ∩ T 22 (R
n). By Lemma 2.1 we can write F =
∑
j∈N
λjAj , in
T 22 (R
n) and in T
p(·)
2 (R
n), where for every j ∈ N, λj > 0 and Aj is a (T
p(·)
2 , 2)-atom
associated with a ball Bj satisfying that
(3.4)
∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖F‖
T
p(·)
2 (R
n)
.
Since ΠM is bounded from T
2
2 (R
n) into L2(Rn), we have that
ΠM (F ) =
∑
j∈N
λjΠM (Aj), in L
2(Rn).
By taking into account that C0ΠM (Aj) is a (p(·), 2,M)-atom associated with Bj ,
it is clear from (3.4) that ‖ΠM (F )‖Hp(·)I,at,M (Rn)
≤ C‖F‖
T
p(·)
2 (R
n)
. Also, according to
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[64, Proposition 2.11] we deduce that
‖ΠM (F )‖p(·) ≤
∥∥∥∥∥∥∥
∑
j∈N
(λjΠM (Aj))
p
1/p
∥∥∥∥∥∥∥
p(·)
≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖F‖
T
p(·)
2 (R
n)
,
provided that p+ < 2. 
Proposition 3.8. Let p ∈ C log(Rn), M ∈ N and ε > 0. There exists C > 0 such
that, for every f ∈ L2(Rn) ∩H
p(·)
I (R
n), there exist, for each j ∈ N, λj > 0 and a
(p(·), 2,M)-atom aj associated with the ball Bj such that f =
∑
j∈N λjaj in L
2(Rn)
and in H
p(·)
I,at,M (R
n), verifying∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖f‖
H
p(·)
I (R
n)
.
So we have that
H
p(·)
I (R
n) ⊂ H
p(·)
I,at,M (R
n) ⊂ H
p(·)
I,mol,M,ε(R
n).
Proof. Let f ∈ L2(Rn) ∩ H
p(·)
I (R
n). Then, F (x, t) = te−t
2
f(x) ∈ T 22 (R
n) ∩
T
p(·)
2 (R
n). According to Lemma 2.1, there exist, for every j ∈ N, λj > 0 and a
(T
p(·)
2 , 2)-atom Aj associated with the ball Bj such that F (x, t) =
∑
j∈N λjAj(x, t)
in T 22 (R
n) and in T
p(·)
2 (R
n), and satisfying that∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖F‖
T
p(·)
2 (R
n)
= C‖f‖
H
p(·)
I (R
n)
.
Then, by Lemma 3.7, we get
ΠM (F ) =
∑
j∈N
λjΠM (Aj),
in L2(Rn) and in H
p(·)
I,at,M (R
n), and there exists C0 > 0 such that, for every j ∈ N,
C0ΠM (Aj) is a (p(·), 2,M)-atom associated with Bj .
It is clear that
ΠM (F )(x) =
∫ ∞
0
t2M−1e−t
2
F (x, t)dt =
Γ(M + 1)
2M+2
f(x), x ∈ Rn.
Then, f =
∑
j∈N λjaj , where aj = 2
M+2(Γ(M+1))−1ΠM (Aj), and the convergence
is in L2(Rn and in H
p(·)
I,at,M(R
n).
The proof can be finished by taking into account that H is the completion of
H ∩ L2(Rn) with respect to the quasi-norm ‖ · ‖H when H = H
p(·)
I (R
n) or H =
H
p(·)
I,at,M (R
n). 
For the reverse result we need the following useful lemma.
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Lemma 3.9. Let p ∈ C log(Rn) with p+ < 2 and T a bounded operator on L2(Rn).
Consider f =
∑
j∈N λjmj in L
2(Rn), where, for each j ∈ N, λj > 0 and mj ∈
L2(Rn), and let {Bj}j∈N be a sequence of balls in Rn such that∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
<∞.
Suppose also that, there exist C > 0 and η > n(1/p− − 1/p+) such that
‖T (mj)‖L2(Si(Bj)) ≤ C2
−iη|2iBj |
1/2‖χ2iBj‖
−1
p(·), i ∈ N0, j ∈ N.
Then, T (f) ∈ Lp(·)(Rn) and
‖T (f)‖p(·) ≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
.
Proof. Since T is bounded in L2(Rn) we have that T (f) =
∑
j∈N λjT (mj) in L
2(Rn)
and we can write
‖T (f)‖p(·) =
∥∥∥∥∥∥
∑
i∈N
∑
j∈N
λjT (mj)χSi(Bj)
∥∥∥∥∥∥
p(·)
≤
∥∥∥∥∥∥
∑
i∈N
∑
j∈N
λjT (mj)χSi(Bj)
p∥∥∥∥∥∥
1/p
p(·)/p
≤
∑
i∈N
∥∥∥∥∥∥
∑
j∈N
λjT (mj)χSi(Bj)
∥∥∥∥∥∥
p
p(·)

1/p
≤
∑
i∈N
∥∥∥∥∥∥∥
∑
j∈N
(λjT (mj)χSi(Bj))
p
1/p
∥∥∥∥∥∥∥
p
p(·)

1/p
.
By using (3.5) and according to [64, Proposition 2.11] and [62, Remark 3.16],
since p+ < 2 we deduce that∥∥∥∥∥∥∥
∑
j∈N
(λjT (mj)χSi(Bj))
p
1/p
∥∥∥∥∥∥∥
p(·)
≤ C2−iη
∥∥∥∥∥∥∥
∑
j∈N
(
λjχ2iBj
‖χ2iBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C2−i(η−n(1/r−1/p
+))
∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
,
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where 0 < r < p−. Since η > n(1/p− − 1/p+), by choosing 0 < r < p− such that
η > n(1/r − 1/p+) we conclude that
‖T (f)‖p(·) ≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
<∞.

Proposition 3.10. Let p ∈ C log(Rn) with p+ < 2. Let M ∈ N, such that 2M >
n(2/p−−1/2−1/p+) and ε > n(1/p−−1/p+). There exists C > 0 such that if f =∑
j∈N λjmj in L
2(Rn), where for every j ∈ N, λj > 0 and mj is a (p(·), 2,M, ε)-
molecule associated with the ball Bj and∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
<∞,
then f ∈ H
p(·)
I (R
n) and
‖f‖
H
p(·)
I (R
n)
≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
.
So we have that
H
p(·)
I,mol,M,ε(R
n) ⊂ H
p(·)
I (R
n),
algebraic and topologically.
Proof. The operator I does not satisfy a reinforced off-diagonal estimates on balls
(see [61, Assumption 2.4]) but we can use the procedure developed in the proof of
[61, Proposition 3.10] with some modifications.
Since SI is bounded from L
2(Rn) into itself, according to Lemma 3.9 it is suffi-
cient to show that, there exists η > n(1/p− − 1/p+) such that
(3.5) ‖SI(mj)‖L2(Si(Bj)) ≤ C2
−iη|2iBj |
1/2‖χ2iBj‖
−1
p(·),
for each i ∈ N0 and j ∈ N.
Let i ∈ N0 and j ∈ N. Since SI is a bounded (sublinear) operator on L2(Rn) by
(3.3) (for k = 0), we get
(3.6) ‖SI(mj)‖L2(Si(Bj)) ≤ C‖mj‖2 ≤ C|Bj |
1/2‖χBj‖
−1
p(·).
Assume now i ≥ 2 and write
‖SI(mj)‖
2
L2(Si(Bj))
=
∫
Si(Bj)
(∫ 2i−2rBj
0
+
∫ ∞
2i−2rBj
)∫
B(x,t)
|t2e−t
2
mj(y)|
2 dydt
tn+1
dx
= I1 + I2.
We observe that if x ∈ Si(Bj) and t ∈ (0, 2i−2rBj ), then B(x, t) ⊂ 2
i+1Bj \
2i−2Bj . Hence, for every 0 < t < 2
i−2rBj ,
{(x, y) ∈ R2n : x ∈ Si(Bj), |x− y| < t}
⊂ {(x, y) ∈ R2n : y ∈ 2i+1Bj \ 2
i−2Bj , |x− y| < t},
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and then,
I1 ≤
∫ 2i−2rBj
0
∫
2i+1Bj\2i−2Bj
|t2e−t
2
mj(y)|
2
∫
B(y,t)
dx
dydt
tn+1
= C
∫ 2i−2rBj
0
t3e−2t
2
dt
∫
2i+1Bj\2i−2Bj
|mj(y)|
2dy
≤ C
1∑
ℓ=−1
‖mj‖
2
L2(Si+ℓ(Bj))
≤ C
1∑
ℓ=−1
2−2(i+ℓ)ε|2i+ℓBj |‖χ2i+ℓBj‖
−2
p(·)
≤ C2−2iε|2iBj |‖χ2iBj‖
−2
p(·).
Hence
(3.7) I
1/2
1 ≤ C2
−iε|2iBj |
1/2‖χ2iBj‖
−1
p(·).
On the other hand, by (3.3) and [61, Lemma 3.8] we can write
I2 ≤
∫ ∞
2i−2rBj
t3−ne−2t
2
∫
Rn
|mj(y)|
2
∫
B(y,t)
dxdydt
≤ C‖mj‖
2
2
∫ ∞
2i−2rBj
t3e−2t
2
dt ≤ Ce−c(2
irBj )
2
r4kBj |Bj |‖χBj‖
−2
p(·)
≤ C2−2in(1/2−1/p
−)e−c(2
irBj )
2
r4kBj |2
iBj |‖χ2iBj‖
−2
p(·),
for each k ∈ {0, 1, ...,M}.
So, in particular,
I2 ≤ C2
−2in(1/2−1/p−)e−c(2
irBj )
2
r4MBj |2
iBj |‖χ2iBj‖
−2
p(·)
≤ C2−2i(2M+n(1/2−1/p
−))|2iBj |‖χ2iBj‖
−2
p(·),
and then,
(3.8) I
1/2
2 ≤ C2
−i(2M+n(1/2−1/p−))|2iBj |
1/2‖χ2iBj‖
−1
p(·)
By combining (3.7) and (3.8) and taking into account also (3.5) it follows that
‖SI(mj)‖L2(Si(Bj)) ≤ C2
−imin{ε,2M+n(1/2−1/p−)}|2iBj |
1/2‖χ2iBj‖
−1
p(·),
for every i ∈ N0.
Since ε > n(1/p− − 1/p+) and 2M > n(2/p− − 1/2− 1/p+), (3.5) is established
and the proof is complete. 
As a consequence of Propositions 3.8 and 3.10 we can prove the following result.
Theorem 3.11. Let p ∈ C log(Rn) such that p+ < 2 and Q a unit cube structure.
Then, L
p(·)
Q (R
n) = H
p(·)
I (R
n) algebraic and topologically.
Proof. Note firstly that if a is a L
p(·)
Q -atom associated with a ball B with ra-
dius greater than or equal to 1, then a is also a (p(·), 2,M)-atom, and then a
(p(·), 2,M, ε)-molecule) associated with B, for every M ∈ N0 and ε > 0.
Let f ∈ L
p(·)
Q (R
n) ∩ L2(Rn). According to Remark 3.4 we can write f =∑
j∈N λjaj in L
p(·)
Q (R
n), where, for every j ∈ N, λj > 0 and aj is a L
p(·)
Q -atom
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associated with the ball Bj having radius equal to 1, and satisfying that∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖f‖
L
p(·)
Q (R
n)
.
Here C does not depend on f .
Since f ∈ L2(Rn) = L2Q(R
n), f =
∑
j∈N λjaj also in L
2(Rn). Then, according to
Proposition 3.10, we obtain that f ∈ H
p(·)
I (R
n) and ‖f‖
H
p(·)
I (R
n)
≤ C‖f‖
L
p(·)
Q (R
n)
.
Assume now that f ∈ L2(Rn) ∩ H
p(·)
I (R
n). We choose M ∈ N0 such that
2M > n(1/p− − 1/2). By Proposition 3.8 we have that f =
∑
j∈N λjaj in L
2(Rn)
and in H
p(·)
I,at,M (R
n), where, for every j ∈ N, λj > 0 and aj is a (p(·), 2,M)-atom
associated with the ball Bj , satisfying that∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖f‖
H
p(·)
I (R
n)
.
Here C > 0 does not depend on f .
If the radius rBj of Bj is greater than or equal to 1, then aj is also a L
p(·)
Q -atom
associated with Bj . Suppose now that a is a (p(·), 2,M)-atom associated with a
ball B = B(xB , rB) with xB ∈ Rn and 0 < rB < 1. Our objective is to see that
there exists C0 > 0 such that C0a is a L
p(·)
Q -atom associated with B(xB , 1).
According to [61, Lemma 3.8] we have that
‖a‖2 ≤ r
2M
B |B|
1/2‖χB‖
−1
p(·) ≤ Cr
2M+n/2−n/p−
B |B(xB , 1)|
1/2‖χB(xB ,1)‖
−1
p(·)
≤ C|B(xB , 1)|
1/2‖χB(xB ,1)‖
−1
p(·).
Hence, C0a is a L
p(·)
Q (R
n)-atom associated with B(xB , 1) for a certain C0 > 0
which does not depend on a.
We deduce from Theorem 3.2 that f =
∑
j∈N λjaj in L
p(·)
Q (R
n) and
‖f‖
L
p(·)
Q (R
n)
≤ C‖f‖
H
p(·)
I (R
n)
.
Since L2(Rn) ∩ H is dense in H, whenever H = L
p(·)
Q (R
n) or H = H
p(·)
I (R
n), the
proof is finished. 
4. Proof of Theorem 1.1 and Corollary 1.2
4.1. Proof of Theorem 1.1 (i). Let ε > n(1/p− − 1/p+) and M ∈ N0 such that
2M > n(2/p− − 1/2 − 1/p+). Suppose that f ∈ L2(Rn) ∩ h
p(·)
L,mol,M,ε(R
n). We
can write f =
∑
j∈N λjmj in L
2(Rn), where, for every j ∈ N, λj > 0 and mj is a
(p(·), 2,M, ε)L,loc-molecule associated with the ball Bj , satisfying that∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
<∞.
In order to see that f ∈ h
p(·)
L (R
n) we have to prove that SlocL (f) and SI(e
−Lf)
belongs to Lp(·)(Rn).
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We know that the local square function SlocL , SI and e
−L are bounded from
L2(Rn) into itself. So, according to Lemma 3.9 the proof will be finished when we
show that, there exist C > 0 and η > n(1/p− − 1/p+) such that
(4.1) ‖SlocL (mj)‖L2(Si(Bj))+ ‖SI(e
−L(mj)‖L2(Si(Bj)) ≤ C2
−iη|2iBj |
1/2‖χ2iBj‖
−1
p(·),
for each i ∈ N0 and j ∈ N.
Let m be a (p(·), 2,M, ε)L,loc-molecule associated to the ball B = B(xB , rB),
with xB ∈ Rn and rB > 0.
By proceeding as in (3.3) we can see that
(4.2) ‖m‖2 ≤ C|B|
1/2‖χB‖
−1
p(·),
because ε > n(1/2− 1/p+). Then, by the L2-boundedness of SlocL , SI and e
−L we
can write, for every i ∈ N0,
(4.3) ‖SlocL (m)‖L2(Si(B)) + ‖SI(e
−L(m))‖L2(Si(B)) ≤ C‖m‖2 ≤ C|B|
1/2‖χB‖
−1
p(·).
Assume now that rB ≥ 1, that is, m is a (p(·), 2,M, ε)L,loc-molecule of (I)-type.
Let i ∈ N, i ≥ 3. We decompose m = m1 +m2, where m1 = mχ2i+2B\2i−3B.
The kernel kt of the integral operator Le
−t2L is given by
kt(x, y) = −
∂
∂s
WLs (x, y)
∣∣s=t2 , x, y ∈ Rn,
whereWLs , s > 0, is the kernel of the integral operator e
−sL. From (1.2) we deduce
that
(4.4) |kt(x, y)| ≤ C
e−c|x−y|
2/t2
tn+2
, x, y ∈ Rn and t > 0.
We can write
‖SlocL (m)‖
2
L2(Si(B))
≤ C
(
‖SlocL (m1)‖
2
L2(Si(B))
+
∫
Si(B)
∫ 1
0
∫
B(x,t)
(∫
Rn
t2|kt(y, z)||m2(z)|dz
)2
dydt
tn+1
dx
)
= I1 + I2.
Since SlocL is bounded from L
2(Rn) into itself it follows that
I1 ≤ C‖m1‖
2
2 = C‖mχ2i+2B\2i−3B‖
2
2 ≤ C
2∑
ℓ=−2
‖m‖2L2(Si+ℓ(B))
≤ C2−2iε|2iB|‖χ2iB‖
−2
p(·).(4.5)
On the other hand, we observe that t ∈ (0, 2i−2rB) when t ∈ (0, 1) because
rB ≥ 1. Then, if x ∈ Si(B), t ∈ (0, 1) and y ∈ B(x, t), then y ∈ 2i+1B \ 2i−2B, and
thus |y − z| ∼ 2irB, when z ∈ (2i+2B \ 2i−3B)c.
This fact, jointly (4.4), Ho¨lder’s inequality and (4.2) leads to
I2 ≤ C‖m‖
2
2
∫
Si(B)
∫ 1
0
∫
B(x,t)
∫
(2i+2B\2i−3B)c
e−c|y−z|
2/t2
t2n
dz
dydt
tn+1
dx
≤ C‖m‖22
∫
Si(B)
∫ 1
0
e−c(2
irB)
2/t2
t2n+1
∫
B(x,t)
∫
Rn
e−c|y−z|
2/t2
tn
dzdydtdx
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≤ C‖m‖22
∫
Si(B)
∫ 1
0
e−c(2
irB)
2/t2
tn+1
dtdx ≤ C‖m‖22|2
iB|
∫ 1
0
1
tn+1
( t
2irB
)N
dt
≤ C|B|‖χB‖
−2
p(·)|2
iB|(2irB)
−N ,(4.6)
where N > n.
Since rB ≥ 1, according to [61, Lemma 3.8] and by choosing N large enough we
get
I2 ≤ C|2
iB|‖χ2iB‖
−2
p(·)2
−i(N−2n/p−)rn−NB ≤ C2
−2iε|2iB|‖χ2iB‖
−2
p(·).
By combining the above estimates we obtain
(4.7) ‖SlocL (m)‖L2(Si(B)) ≤ C2
−iε|2iB|1/2‖χ2iB‖
−1
p(·), i ∈ N, i ≥ 3.
We now deal with SI(e
−Lm). We write
‖SI(e
−Lm)‖2L2(Si(B)) =
∫
Si(B)
(∫ 2i−2rB
0
+
∫ ∞
2i−2rB
)∫
B(x,t)
|t2e−t
2
e−L(m)(y)|2
dydt
tn+1
= J1 + J2.(4.8)
As it was noted before, if x ∈ Si(B), t ∈ (0, 2i−2rB), y ∈ B(x, t) and z ∈
(2i+2B \ 2i−3B)c, it follows that |y − z| ∼ 2irB . By taking into account that e−L
is bounded on L2(Rn) and proceeding as in the estimates of I1 and I2 we obtain
J1 ≤ C
∫
Si(B)
∫ 2i−2rB
0
(t2e−t
2
)2
∫
B(x,t)
(|e−L(m1)(y)|
2 + |e−L(m2)(y)|
2)
dydt
tn+1
dx
≤ C
(∫ 2i−2rB
0
(t2e−t
2
)2
∫
Rn
|e−L(m1)(y)|
2
∫
B(y,t)
dx
dydt
tn+1
+
∫
Si(B)
∫ 2i−2rB
0
(t2e−t
2
)2
∫
B(x,t)
( ∫
(2i+2rB\2i−3B)c
e−|y−z|
2
|m(z)|dz
)2 dydt
tn+1
dx
)
≤ C
(
‖m1‖
2
2
∫ ∞
0
t3e−2t
2
dt+ e−c(2
irB)
2
‖m‖22
∫
Si(B)
∫ 2i−2rB
0
t3
∫
B(x,t)
dy
dt
tn
dx
)
≤ C
(
‖m1‖
2
2 + e
−c(2irB)
2
|B|‖χB‖
−2
p(·)|2
iB|(2irB)
4
)
≤ C
(
‖m1‖
2
2 + |B|‖χB‖
−2
p(·)|2
iB|(2irB)
−N
)
,
for N > 0.
As above, by choosing N large enough it follows that
J1 ≤ C2
−2iε|2iB|‖χ2iB‖
−2
p(·).
On the other hand, using again the L2-boundedness of e−L, (4.2) and [61, Lemma
3.8] we get
J2 ≤ C
∫ ∞
2i−2rB
t3−ne−2t
2
∫
Rn
|e−Lm(y)|2
∫
B(y,t)
dxdydt
≤ C‖m‖22
∫ ∞
2i−2rB
t3e−2t
2
dt ≤ Ce−c(2
irB)
2
|B|‖χB‖
−2
p(·)
≤ Ce−c(2
irB)
2
|2iB|‖χ2iB‖
−2
p(·)2
−2ni(1/2−1/p−)
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≤ C2−2i(N+n(1/2−1/p
−))|2iB|‖χ2iB‖
−2
p(·),
for N > 0, because rB ≥ 1. We take N sufficiently large to get
J2 ≤ C2
−2iε|2iB|‖χ2iB‖
−2
p(·),
and thus, we conclude that
(4.9) ‖SI(e
−Lm)‖L2(Si(B)) ≤ C2
−iε|2iB|1/2‖χ2iB‖
−1
p(·), i ∈ N, i ≥ 3.
It is clear also, from (4.3) that, for i = 0, 1, 2,
‖SlocL (m)‖L2(Si(B)) + ‖SI(e
−Lm)‖L2(Si(B)) ≤ C2
−iε|2iB|1/2‖χ2iB‖
−1
p(·),
which jointly to (4.7) and (4.9) leads to the estimate (4.1) for the molecules of
(I)-type, because ε > n(1/p− − 1/p+).
Assume next that m is a molecule of (II)-type. According to [61, (3.13)] we can
find C > 0 and η > n(1/p− − 1/p+) such that
(4.10) ‖SlocL (m)‖L2(Si(B)) ≤ C2
−iη|2iB|1/2‖χ2iB‖
−1
p(·), i ∈ N.
Let us now show that this estimate is also satisfied by SI(e
−Lm).
Consider b ∈ L2(Rn) such that m = LMb and, for every i ∈ N0 and k ∈
{0, 1, ...,M}, ‖Lkb‖L2(Si(B)) ≤ 2
−iεr
2(M−k)
B |2
iB|1/2‖χ2iB‖
−1
p(·). By proceeding as in
the proof of (3.3) we can see that
(4.11) ‖b‖2 ≤ Cr
2M
B |B|
1/2‖χB‖
−1
p(·).
We observe that LMe−L is a bounded operator from L2(Rn) into itself, and if
K denotes the kernel of the integral operator LMe−L, we have that
K(x, y) = (−1)M
∂M
∂sM
WLs (x, y)
∣∣s=1, x, y ∈ Rn,
where WLs denotes the heat kernel associated with e
−sL and then
(4.12) |K(x, y)| ≤ Ce−c|x−y|
2
, x, y ∈ Rn.
Let i ∈ N, i ≥ 3. We decompose b by b = b1 + b2, where b1 = bχ2i+3B\2i−3B. By
considering J1 and J2 as in (4.8) and taking into account the L
2-boundedness of
LMe−L, (4.11) and (4.12), we can proceed as above to obtain
J1 ≤ C
(
‖b1‖
2
2 + e
−c(2irB)
2
‖b‖22|2
iB|(2irB)
4
)
≤ C
(
2−2iε|2iB|‖χ2iB‖
−2
p(·) + e
−c(2irB)
2
r4M+nB 2
2in/p− |2iB|‖χ2iB‖
−2
p(·)
)
≤ C|2iB|‖χ2iB‖
−2
p(·)(2
−2iε + 2−2i(2M+n(1/2−1/p
−)))
≤ C2−2iα|2−iB|‖χ2iB‖
−2
p(·),
for some α > n(1/p− − 1/p+) because ε > n(1/p− − 1/p+) and 2M > n(2/p− −
1/2− 1/p+).
On the other hand, (4.11) leads to
J2 ≤ Ce
−c(2irB)
2
‖b‖22 ≤ Ce
−c(2irB)
2
r4MB |B|‖χB‖
−2
p(·)
≤ Ce−c(2
irB)
2
r4MB 2
−2in(1/2−1/p−)|2iB|‖χ2iB‖
−2
p(·)
≤ C2−2iα|2−iB|‖χ2iB‖
2
p(·),
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for a certain α > n(1/p− − 1/p+) because 2M > n(2/p− − 1/2− 1/p+).
By combining the above estimates we get, for every i ∈ N, i ≥ 3,
‖SI(e
−Lm)‖L2(Si(B)) ≤ C2
−iα|2−iB|1/2‖χ2iB‖
−1
p(·),
for some α > n(1/p− − 1/p+).
Also, by (4.3) we have, for i = 0, 1, 2,
‖SI(e
−Lm)‖L2(Si(B)) ≤ C2
−iα|2iB|1/2‖χ2iB‖
−1
p(·).
These estimations jointly (4.10) leads to (4.1) for molecules of (II)-type.
We conclude that f ∈ h
p(·)
L (R
n). By using a density argument we obtain that
hL,loc,M,ε(R
n) ⊂ h
p(·)
L (R
n) algebraic and topologically.
4.2. Proof of Theorem 1.1 (ii). We consider the operator πN , N ∈ N0, defined
by
πN (F )(x) =
∫ 1
0
(t2L)N+1e−t
2L(F (·, t))(x)
dt
t
, F ∈ t22,c(R
n),
where t22,c(R
n) denotes the subspace of t22(R
n) that consists of all of those F ∈
t22(R
n) with compact support in Rn × (0, 1). Note that t22,c(R
n) is dense in t22(R
n)
and in t
p(·)
2 (R
n).
The following result is very useful in our proof.
Lemma 4.1. Let M,N ∈ N0 and ε > 0.
(i) πN can be extended from t
2
2,c(R
n) to t22(R
n) as a bounded operator from t22(R
n)
to L2(Rn).
(ii) Assume that N ≥ M . There exists C0 > 0 such that C0πN (A) is a
(p(·), 2,M, ε)L,loc-molecule associated with the ball B provided that A is a (t
p(·)
2 , 2)-
atom associated with B. Also, πN can be extended to t
p(·)
2 (R
n) as a bounded operator
from t
p(·)
2 (R
n) into h
p(·)
L,mol,M,ε(R
n) and∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖F‖
t
p(·)
2 (R
n)
,
where, for every j ∈ N, λj > 0 and Bj is a ball in Rn existing a (t
p(·)
2 , 2)-atom Aj
associated with Bj such that F =
∑
j∈N λjAj in t
2
2(R
n) and in t
p(·)
2 (R
n).
Proof. We first establish (i). Note that
‖F‖2t22(Rn)
= ‖T loc(F )‖22 =
∫
Rn
∫ 1
0
|F (y, t)|2
∫
B(x,t)
dx
dtdy
tn+1
= wn
∫
Rn
∫ 1
0
|F (y, t)|2
dtdy
t
,
where wn = |B(0, 1)|.
Suppose that F ∈ t22,c(R
n) and g ∈ D(L). Since L is a self-adjoint operator in
L2(Rn) we can write∫
Rn
πN (F )(x)g(x)dx =
∫
Rn
∫ 1
0
(t2L)N+1e−t
2L(F (·, t))(x)
dt
t
g(x)dx
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=
∫ 1
0
∫
Rn
(t2L)N+1e−t
2L(F (·, t))(x)g(x)dx
dt
t
=
∫ 1
0
∫
Rn
F (x, t)(t2L)N+1e−t
2L(g)(x)dx
dt
t
.
The interchange of the order of integration can be justified by taking into account
that the family of operators {(t2L)N+1e−t
2L}t>0 is uniformly bounded in L2(Rn)
(that can be seen from the kernel estimates (1.2)) and the properties of the function
F and g.
We have that∣∣∣∣∫
Rn
πN (F )(x)g(x)dx
∣∣∣∣ ≤ (∫ 1
0
∫
Rn
|F (x, t)|2
dxdt
t
)1/2
×
(∫ 1
0
∫
Rn
|(t2L)N+1e−t
2L(g)(x)|2
dxdt
t
)1/2
≤
(∫ 1
0
∫
Rn
|F (x, t)|2
dxdt
t
)1/2
‖GlocL,N(g)‖2,
where
GlocL,N (g)(x) =
∫ 1
0
|(t2L)N+1e−t
2L(g)(x)|2
dt
t
, x ∈ Rn.
Since GlocL,N is a bounded (sublinear) operator from L
2(Rn) into itself (see [43,
Lemma 4.1]), we get∣∣∣∣∫
Rn
πN (F )(x)g(x)dx
∣∣∣∣ ≤ C‖F‖t22(Rn)‖g‖2.
Duality arguments and the fact that D(L) is dense in L2(Rn) allow us to show that
πN can be extended from t
2
2,c(R
n) to t22(R
n) as a bounded operator from t22(R
n)
into L2(Rn) and (i) is established.
(ii) Let now A be a (t
p(·)
2 , 2)-atom associated with the ball B = B(xB , rB), with
xB ∈ Rn and rB > 0. We are going to see that, for certain C0 > 0, C0πN (A) is a
(p(·), 2,M, ε)L,loc-molecule.
Suppose first that rB ≥ 1. Since A ∈ t22(R
n), we have that A(x, t)χ(δ,1)(t) −→
A(x, t), as δ → 0+, in t22(R
n), and then by (i) we obtain that
πN (A)(x) = lim
δ→0+
∫ 1
δ
(t2L)N+1e−t
2L(A(·, t))(x)
dt
t
, in L2(Rn).
Let i ∈ N, i ≥ 2. We have that
‖πN(A)‖
2
L2(Si(B))
= lim
δ→0+
∫
Si(B)
∣∣∣∣∫ 1
δ
(t2L)N+1e−t
2L(A(·, t)(x)
dt
t
∣∣∣∣2 dx.
The kernel KNt of the integral operator (t
2L)N+1e−t
2L is given by
KNt (x, y) = (−1)
N+1t2(N+1)
∂N+1
∂sN+1
WLs (x, y)
∣∣s=t2 , x, y ∈ Rn,
for every t > 0 and from (1.2) we obtain
(4.13) |KNt (x, y)| ≤ C
e−c|x−y|
2/t2
tn
, x, y ∈ Rn, t > 0.
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It follows that∫
Si(B)
∣∣∣∣∫ 1
δ
(t2L)N+1e−t
2L(A(·, t))(x)
dt
t
∣∣∣∣2 dx
≤ C
∫
Si(B)
(∫ 1
δ
∫
B
e−c|x−y|
2/t2
tn
|A(y, t)|
dydt
t
)2
dx
≤ C
∫
Si(B)
(∫ 1
δ
e−c(2
irB)
2/t2
tn
∫
B
|A(y, t)|
dydt
t
)2
dx
≤ C|2iB|‖A‖2t22(Rn)
|B|
∫ 1
δ
e−c(2
irB)
2/t2
t2n+1
dt
≤ C|2iB||B|2‖χB‖
−2
p(·)
∫ 1
0
1
t2n+1
( t
2irB
)β
dt
≤ Cr2n−βB 2
−2i(β/2−n/p−)|2iB|‖χ2iB‖
−2
p(·), δ > 0,
where β > 2n. By choosing β large enough we conclude tht, for every i ∈ N, i ≥ 2,
‖πN (A)‖L2(Si(B)) ≤ C2
−iε|2iB|1/2‖χ2iB‖p(·),
for certain C > 0 independent of i, ε and A.
When i = 0, 1, according to (i) we can write
‖πN (A)‖L2(Si(B)) ≤‖πN(A)‖2 ≤ C‖A‖t22(Rn) ≤ C|B|
1/2‖χB‖
−1
p(·)
≤ C2−iε|2iB|1/2‖χ2iB‖
−1
p(·).
Thus, we have established that for certain C0 > 0, C0πN (A) is a (p(·), 2,M, ε)L,loc-
molecule of (I)-type.
Suppose now rB ∈ (0, 1). We are going to see that πN (A) = L
M (b), where
(4.14) b = lim
δ→0+
∫ rB
δ
(t2L)N−M+1e−t
2L(A(·, t))t2M−1dt,
and
(4.15) Lkb = lim
δ→0+
∫ rB
δ
(t2L)N−M+k+1e−t
2L(A(·, t))t2(M−k)−1dt, k = 0, ...,M,
where the limits are understood in L2(Rn).
Let k = 0, ...,M . Since, for every δ > 0, Lke−δ
2L is bounded from L2(Rn) into
itself, we can write∫ 1
δ
(t2L)N+1e−t
2L(A(·, t))
dt
t
=
∫ 1
δ
Lke−δ
2L(t2L)N−k+1e−(t
2−δ2)L(A(·, t))t2k−1dt
= Lke−δ
2L
∫ 1
δ
(t2L)N−k+1e−(t
2−δ2)L(A(·, t))t2k−1dt
= Lk
∫ 1
δ
e−δ
2L(t2L)N−k+1e−(t
2−δ2)L(A(·, t))t2k−1dt
= Lk
∫ 1
δ
(t2L)N−k+1e−t
2L(A(·, t))t2k−1dt, δ ∈ (0, 1).
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We also observe that, since A(x, t)t2kχ(δ,1)(t) −→ A(x, t)t
2k, as δ → 0+, in
t22(R
n), by (i) we get
lim
δ→0+
∫ 1
δ
(t2L)N−k+1e−t
2L(A(·, t))(x)t2k−1dt = πN−k(t
2kA(·, t))(x)
in L2(Rn). Since L is a closed operator we deduce that
πN (A) = lim
δ→0+
∫ 1
δ
(t2L)N+1e−t
2L(A(·, t))
dt
t
= Lk lim
δ→0+
∫ 1
δ
(t2L)N−k+1e−t
2L(A(·, t))t2k−1dt.
In particular, when k =M , we obtain (4.14) and (4.15).
Let us consider i ∈ N, i ≥ 2 and assume that g ∈ L2(Rn) such that supp g ⊂
Si(B). We have that∫
Rn
Lk(b)(x)g(x)dx
= lim
δ→0+
∫
Rn
∫ rB
δ
(t2L)N−M+k+1e−t
2L(A(·, t))(x)t2(M−k)−1dtg(x)dx
= lim
δ→0+
∫ rB
δ
∫
Rn
(t2L)N−M+k+1e−t
2L(A(·, t))(x)g(x)dxt2(M−k)−1dt
= lim
δ→0+
∫ rB
δ
∫
Rn
(t2L)N−M+k+1e−(t
2−δ2)L(A(·, t))(x)e−δ
2Lg(x)dxt2(M−k)−1dt
= lim
δ→0+
∫ rB
δ
∫
B
A(x, t)(t2L)N−M+k+1e−t
2L(g)(x)dxt2(M−k)−1dt.
By using Ho¨lder’s inequality,(4.13) and [61, Lemma 3.8] it follows that∣∣∣∣∫
Rn
Lk(b)(x)g(x)dx
∣∣∣∣ ≤ r2(M−k)B ∫ rB
0
∫
B
|A(x, t)||(t2L)N−M+k+1e−t
2L(g)(x)|
dxdt
t
≤ r
2(M−k)
B ‖A‖t22(Rn)‖G
loc
L,N−M+k(g)‖2(4.16)
≤ Cr
2(M−k)
B ‖A‖t22(Rn)
∫ rB
0
∫
B
(∫
Si(B)
e−c|x−y|
2/t2
tn
|g(y)|dy
)2
dxdt
t
1/2
≤ Cr
2(M−k)
B ‖A‖t22(Rn)
(∫ rB
0
∫
B
∫
Si(B)
e−c|x−y|
2/t2
tn
|g(y)|2dy
dxdt
t
)1/2
≤ Cr
2(M−k)
B ‖A‖t22(Rn)‖g‖2
(∫ rB
0
e−c(2
irB)
2/t2
t
dt
)1/2
≤ Cr
2(M−k)
B |B|
1/2‖χB‖
−1
p(·)‖g‖2
(∫ rB
0
1
t
( t
2irB
)β
dt
)1/2
≤ C2−i(β/2−n/2−n/p
−)r
2(M−k)
B |2
iB|1/2‖χ2iB‖
−1
p(·)2
−iη‖g‖2,
with β > 0. By choosing β sufficiently large we get
‖Lk(b)‖L2(Si(B)) ≤ C2
−iεr
2(M−k)
B |2
iB|1/2‖χ2iB‖
−1
p(·).
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By considering that GlocL,N−M+k is a bounded (sublinear) operator from L
2(Rn)
into itself, from (4.16) we deduce that∣∣∣∣∫
Rn
Lk(b)(x)g(x)dx
∣∣∣∣ ≤ Cr2(M−k)B ‖A‖t22(Rn)‖g‖2 ≤ Cr2(M−k)B |B|1/2‖χB‖−1p(·)‖g‖2,
and we get
‖Lk(b)‖2 ≤ C2
−iεr
2(M−k)
B |2
iB|1/2‖χ2iB‖
−1
p(·), i = 0, 1.
Thus we conclude that πN (A) is a (p(·), 2,M, ε)L,loc-molecule of (II)-type.
To finish the proof of (ii) we have to show that πN can be extended to t
p(·)
2 (R
n)
as a bounded operator from t
p(·)
2 (R
n) into h
p(·)
L,mol,M,ε(R
n).
Let F ∈ t
p(·)
2 (R
n)∩t22(R
n). According to Lemma 2.2 we can write F =
∑
j∈N λjAj
in t22(R
n) and in t
p(·)
2 (R
n), where, for every j ∈ N, λj > 0 and Aj is a (t
p(·)
2 , 2)-atom
associated with the ball Bj , and satisfying that∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖F‖
t
p(·)
2 (R
n)
.
By using (i), πN (F ) =
∑
j∈N λjπN (Aj) in L
2(Rn). Since, for a certain C0 > 0, for
every j ∈ N, C0πN (Aj) is a (p(·), 2,M, ε)L,loc-molecule associated to Bj πN (F ) ∈
h
p(·)
L,mol,M,ε(R
n) and
‖πN (F )‖hp(·)L,mol,M,ε(Rn)
≤ C‖F‖
t
p(·)
2 (R
n)
.
A standard procedure allows us to extend πN to t
p(·)
2 (R
n) as a bounded operator
from t
p(·)
2 (R
n) to h
p(·)
L,mol,M,ε(R
n). 
Let us consider N ∈ N, N ≥ M . Assume that f ∈ L2(Rn) ∩ h
p(·)
L (R
n). Then,
SlocL (f) ∈ L
p(·)(Rn) and e−Lf ∈ H
p(·)
I (R
n).
According to [8, Theorem 2.3] (see also [11, (3.12) and (3.13)], we can write
(4.17) f = cN+2
∫ 1
0
(t2L)N+2e−2t
2Lf
dt
t
+
N+1∑
ℓ=0
cℓL
ℓe−2Lf, f ∈ L2(Rn),
for certain cℓ ∈ R, ℓ = 0, ..., N + 2. Here this integral is understood as limδ→0+
∫ 1
δ
in L2(Rn).
Since e−Lf ∈ L2(Rn) ∩H
p(·)
I (R
n), by Theorems 3.2 and 3.11, for every j ∈ N,
there exist λj > 0 and a L
p(·)
Q -atom aj associated with the ball Bj = B(xBj , rBj )
with xBj ∈ R
n and rBj ≥ 1, such that e
−Lf =
∑
j∈N λjaj in L
2(Rn) and in
H
p(·)
I (R
n), and ∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖e−Lf‖
H
p(·)
I (R
n)
.
Let ℓ ∈ {0, ..., N + 1}. We have that Lℓe−2Lf =
∑
j∈N λjL
ℓe−Laj , in L
2(Rn),
because Lℓe−L is a bounded operator in L2(Rn). We are going to see that there
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exists C0 > 0 such that C0L
ℓe−Laj is a (p(·), 2,M, ε)L,loc-molecule of (I)-type
associated with the ball Bj , for every j ∈ N. Let j ∈ N. The kernel Kℓ of the
integral operator Lℓe−L is
Kℓ(x, y) = (−1)ℓ
∂ℓ
∂tℓ
WLt (x, y)
∣∣t=1, x, y ∈ Rn.
Then, from (1.2)
|Kℓ(x, y)| ≤ Ce−c|x−y|
2
, x, y ∈ Rn.
Let i ∈ N, i ≥ 2. We have that
‖Lℓe−L(aj)‖
2
L2(Si(Bj))
≤ C
∫
Si(Bj)
(∫
Bj
e−c|x−y|
2
|aj(y)|dy
)2
dx
≤ C‖aj‖
2
2
∫
Si(Bj)
∫
Bj
e−c|x−y|
2
dydx
≤ C‖aj‖
2
2|2
iBj |e
−c(2irBj )
2
≤ C|Bj |‖χBj‖
−2
p(·)|2
iBj |e
−c(2irBj )
2
≤ C
rnBj
(2irBj )
β
22in/p
−
|2iBj |‖χ2iBj‖
−2
p(·)
≤ C2−2i(β/2−n/p
−)|2iBj |‖χ2iBj‖
−2
p(·),
for β > n. We choose β sufficiently large to get
‖Lℓe−L(aj)‖L2(Si(Bj)) ≤ C2
−iε|2iBj |
1/2‖χ2iBj‖
−1
p(·).
On the other hand, since Lℓe−L is bounded from L2(Rn) into itself, we obtain, for
i = 0, 1,
‖Lℓe−L(aj)‖L2(Si(Bj)) ≤ C‖aj‖2 ≤ C|Bj |
1/2‖χBj‖
−1
p(·) ≤ C2
−iε|2iBj |
1/2‖χ2iBj‖
−1
p(·).
We have thus proved that, for certain C0, C0L
ℓe−L(aj) is a (p(·), 2,M, ε)L,loc-
molecule of (I)-type associated with Bj . Note that C0 does not depend on j.
We have established that Lℓe−2Lf ∈ h
p(·)
L,mol,M,ε(R
n) and
‖Lℓe−2Lf‖
h
p(·)
L,mol,M,ε
(Rn)
≤
∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖e−Lf‖
H
p(·)
I (R
n)
.(4.18)
We now define f1 =
∫ 1
0 (t
2L)N+2e−2t
2Lf dtt . Since S
loc
L (f) ∈ L
p(·)(Rn) ∩ L2(Rn),
t2Le−t
2Lf ∈ t
p(·)
2 (R
n) ∩ t22(R
n). According to Lemma 2.2, for every j ∈ N,
there exist λj > 0 and a (t
p(·)
2 , 2)-atom Aj associated with the ball Bj such that
t2Le−t
2Lf(x) =
∑
j∈N λjAj(x, t), in t
2
2(R
n) and in t
p(·)
2 (R
n), and∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖SlocL f‖p(·).
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Then, by Lemma 4.1 we have that
f1 = πN (t
2Le−t
2Lf) =
∑
j∈N
λjπN (Aj) in L
2(Rn),
and, for certain C0 > 0, for every j ∈ N, C0πN (Aj) is a (p(·), 2,M, ε)L,loc-molecule
associated with Bj .
It follows that f1 ∈ h
p(·)
L,loc,M,ε(R
n) and
(4.19) ‖f1‖hp(·)L,loc,M,ε(Rn)
≤ C‖SlocL (f)‖p(·).
By taking into account (4.17), (4.18) and (4.19) we obtain that L2(Rn)∩h
p(·)
L (R
n) ⊂
L2(Rn) ∩ h
p(·)
L,loc,M,ǫ(R
n) algebraic and topologically.
By using a density argument we conclude that h
p(·)
L (R
n) ⊂ h
p(·)
L,mol,M,ε(R
n) alge-
braic and topologically.
4.3. Proof of Corollary 1.2. Suppose that f ∈ L2(Rn)∩h
p(·)
L (R
n), ε > n(1/p−−
1/p+) and M ∈ N. According to Theorem 1.1(ii) there exists C > 0 such that,
for every j ∈ N, there exist λj > 0 and a (p(·), 2,M, ε)L,loc-molecule mj associated
with the ball Bj such that f =
∑
j∈N λjmj in L
2(Rn), and satisfying that∥∥∥∥∥∥∥
∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖f‖
h
p(·)
L (R
n)
.
For every j ∈ N and i ∈ N0,we have that
‖mj‖L2(Si(Bj)) ≤ 2
−iε|2iBj |
1/2‖χ2iBj‖
−1
p(·).
According to [64, Proposition 2.11] we get, for every j1, j2 ∈ N, j1 < j2,∥∥∥∥∥∥
j2∑
j=j1
λjmjχSi(Bj)
∥∥∥∥∥∥
p(·)
≤
∥∥∥∥∥∥∥
 j2∑
j=j1
|λjmjχSi(Bj)|
p
1/p
∥∥∥∥∥∥∥
p(·)
≤ C2−i(ε−n(1/w−1/p
+))
∥∥∥∥∥∥∥
 j2∑
j=j1
(
λjχBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
,
for w ∈ (0, p−). Then, since the series∑
j∈N
(
λjχBj
‖χBj‖p(·)
)p
converges in Lp(·)/p(Rn), if δ > 0 there exists j0 ∈ N such that, for every j1, j2 ∈ N,
with j2 > j1 ≥ j0,∥∥∥∥∥∥
j2∑
j=j1
λjmj
∥∥∥∥∥∥
p(·)
≤
∥∥∥∥∥∥
∑
i∈N
j2∑
j=j1
λjmjχSi(Bj)
∥∥∥∥∥∥
p(·)
≤
∑
i∈N
∥∥∥ j2∑
j=j1
λjmjχSi(Bj)
∥∥∥p
p(·)
1/p
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≤ Cδ
(∑
i∈N
2−ip(ε−n(1/w−1/p
+))
)1/p
≤ Cδ.
Since Lp(·)(Rn) is complete, the series
∑
j∈N λjmj converges in L
p(·)(Rn).
We write g =
∑
j∈N λjmj in L
p(·)(Rn). Since f =
∑
j∈N λjmj in L
2(Rn), by
using [23, Lemma 3.2.10] we conclude that f = g. Hence f ∈ Lp(·)(Rn) and
‖f‖p(·) ≤ C‖f‖hp(·)L (Rn)
.
Suppose that p− > 1. According to [45, Lemma 3.4] (see also [31, Lemma 5.1])
the area square integral SL defines a bounded operator from L
2(Rn, w) into itself,
for every w ∈ A2(R
n). Here A2(R
n) denotes the Muckenhoupt class of weights and
L2(Rn, w) represents the weighted L2 space. By using the generalization of Rubio
de Francia’s extrapolation theorem established in [19, Corollary 1.10], we deduce
that there exists C > 0 such that
‖SLf‖p(·) ≤ C‖f‖p(·), f ∈ L
2(Rn) ∩ Lp(·)(Rn).
Hence, L2(Rn) ∩ Lp(·)(Rn) is continuously contained in H
p(·)
L (R
n).
Density arguments allow us to show that Lp(·)(Rn) = h
p(·)
L (R
n) = H
p(·)
L (R
n).
5. Proof of Theorem 1.3
We have to prove that h
p(·)
L (R
n) = H
p(·)
L (R
n). Suppose that f ∈ h
p(·)
L (R
n) ∩
L2(Rn) and consider M ∈ N, such that 2M > n(2/p− − 1/2 − 1/p+) and ε >
n(1/p− − 1/p+). According to Theorem 1.1 there exist, for every j ∈ N, λj > 0
and a (p(·), 2,M, ε)L,loc-molecule mj associated with the ball Bj such that f =∑
j∈N λjmj in L
2(Rn) and in h
p(·)
L (R
n), and∥∥∥∥∥∥∥
∑
j∈N
(
λj
χBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
∼ ‖f‖
h
p(·)
L (R
n)
.
We are going to see that f ∈ H
p(·)
L (R
n) and that
‖f‖
H
p(·)
L (R
n)
≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λj
χBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
.
We have that
SL(f) ≤ S
loc
L (f) + S
∞
L (f),
where
S∞L (f)(x) =
(∫ ∞
1
∫
B(x,t)
|t2Le−t
2L(f)(y)|2
dydt
tn+1
)1/2
, x ∈ Rn.
Since f ∈ L2(Rn) ∩ h
p(·)
L (R
n), SlocL (f) ∈ L
p(·)(Rn) and
‖SlocL (f)‖p(·) ≤ ‖f‖hp(·)L (Rn)
≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λj
χBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
.
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By Lemma 3.9, in order to prove that S∞L (f) ∈ L
p(·)(Rn) and that
‖S∞L (f)‖p(·) ≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λj
χBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
,
it is sufficient to see that there exist C > 0 and η > n(1/p− − 1/p+) such that
(5.1) ‖S∞L (mj)‖L2(Si(Bj)) ≤ C2
−iη|2iBj |‖χ2iBj‖
−1
p(·), i ∈ N0, j ∈ N.
Assume thatm is a (p(·), 2,M, ε)L,loc-molecule associated with the ballB = B(xB , rB),
being xB ∈ Rn and rB > 0.
Suppose first that m is of (I)-type. Then rB ≥ 1. We observe that, since
σ(L) > 0, for every t > 0, the kernel kt of the integral operator Le
−t2L satisfies
that
|kt(x, y)| ≤ C
e−c(t
2+|x−y|2/t2)
tn+2
, x, y ∈ R,
(see [15, Proposition 2.2]). Consider i ∈ N, i ≥ 3. As in the proof of Theorem 1.1
(i) we decompose m = m1 +m2, where m1 = mχ2i+2B\2i−3B and write
‖S∞L (m)‖
2
L2(Si(B))
≤ C
(
‖SL(m1)‖
2
L2(Si(B))
+
∫
Si(B)
∫ ∞
1
∫
B(x,t)
( ∫
Rn
t2|kt(y, z)||m2(z)|dz
)2
dydtdx
)
= I1 + I2.
As in (4.5), the L2-boundedness of SL gives
I1 ≤ C2
−2iε|2iB|‖χ2iB‖
−2
p(·)
On the other hand
I2 ≤ C
∫
Si(B)
∫ ∞
1
∫
B(x,t)
(∫
(2i+2B\2i−3B)c
e−c(t
2+|x−y|2/t2)
tn
|m(z)|dz
)2
dydtdx
≤ C‖m‖22
∫
Si(B)
(∫ 2i−2rB
1
+
∫ ∞
2i−2rB
)
×
∫
B(x,t)
∫
(2i+2B\2i−3B)c
e−c(t
2+|x−y|2/t2)
t2n
dzdydtdx
= I2,1 + I2,2.(5.2)
By proceeding as in (4.6) and using (4.2) we have, for every α > 0,
I2,1 ≤C‖m‖
2
2
∫
Si(B)
∫ 2i−2rB
0
e−c(t
2+(2irB)
2/t2)dtdx
≤ C‖m‖22|2
iB|
∫ 2i−2rB
0
1
tα
(
t
2irB
)α
dt
≤ C|B|‖χB‖
−2
p(·)|2
iB|(2irB)
1−α.
Since rB ≥ 1, by considering [61, Lemma 3.8] and choosing α large enough we
obtain
I2,1 ≤ C|2
iB|‖χ2iB‖
−2
p(·)2
−i(α−1−2n/p−)rn+1−αB ≤ C2
−2iε|2iB|‖χ2iB‖
−2
p(·).
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Also, in analogous way we get
I2,2 ≤ C‖m‖
2
2
∫
Si(B)
∫ ∞
2i−2rB
e−ct
2
dtdx ≤ C|B|‖χB‖
−2
p(·)|2
iB|e−c(2
irB)
2
≤ C2−2iε|2iB|‖χ2iB‖
−2
p(·).
By putting together the above estimates we conclude that, for i ≥ 3,
‖S∞L (m)‖L2(Si(B)) ≤ C2
−iε|2iB|1/2‖χ2iB‖
−1
p(·).
By taking into account the L2-boundedness of SL and (4.2) this estimation is
also true for i = 0, 1, 2, and then (5.1) is established for molecules of (I)-type.
We now consider that m is a molecule of (II)-type. Then rB ∈ (0, 1) and there
exists b ∈ L2(Rn) such that m = LMb and, for every k ∈ {0, ...,M},
(5.3) ‖Lkb‖L2(Si(B)) ≤ 2
−iεr
2(M−k)
B |2
iB|1/2‖χ2iB‖
−1
p(·), i ∈ N0.
We have that
‖S∞L (m)‖
2
L2(Si(B))
=
∫
Si(B)
∫ ∞
1
∫
B(x,t)
|(t2L)M+1e−t
2L(b)(y)|2
dydt
t4M+n+1
dx.
Let i ∈ N, i ≥ 3. We write b = b1 + b2, where b1 = bχ2i+2B\2i−3B.
We note that, for every t > 0, the kernel Kt of the operator L
M+1e−t
2L satisfies
|Kt(x, y)| ≤ C
e−c(t
2+|x−y|2/t2)
t2M+n+2
, x, y ∈ Rn.
Then, we get
‖S∞L (m)‖
2
L2(Si(B))
≤ C
(∫
Si(B)
∫ ∞
1
∫
B(x,t)
|(t2L)M+1e−t
2L(b1)(y)|
2 dydt
t4M+n+1
dx
+
∫
Si(B)
∫ ∞
1
∫
B(x,t)
( ∫
Rn
t2M+2|Kt(y, z)||b2(z)|dz
)2 dydt
t4M+n+1
dx
)
= J1 + J2.
By using (5.3) we obtain
J1 ≤ C
∫
Rn
∫ ∞
1
|(t2L)M+1e−t
2L(b1)(y)|
2 dt
t
dy
≤ C‖GL,M (b1)‖
2
2 ≤ C‖b1‖
2
2 ≤ C2
−2iε|2iB|‖χ2iB‖
−2
p(·).
Here the Littlewood-Paley function GL,N , N ∈ N, is defined by
GL,N(g)(x) =
(∫ ∞
0
|(t2L)N+1e−t
2L(g)(x)|2
dt
t
)1/2
,
and it is a bounded (sublinear) operator from L2(Rn) into itself ([43, Lemma 4.1]).
On the other hand,
J2 ≤ C
∫
Si(B)
∫ ∞
1
∫
B(x,t)
( ∫
(2i+2B\2i−1B)c
e−c(t
2+|x−y|2/t2)
tn
b(z)dz
)2 dydt
t4M+n+1
dx
≤ C‖b‖22
∫
Si(B)
∫ ∞
1
∫
B(x,t)
∫
(2i+2B\2i−1B)c
e−c(t
2+|x−y|2/t2)
t2n
dz
dydt
t4M+n+1
dx
= J2,1 + J2,2,
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where
J2,1 = C‖b‖
2
2
∫
Si(B)
∫ 2i−2rB
1
∫
B(x,t)
∫
(2i+2B\2i−1B)c
e−c(t
2+|x−y|2/t2)
t2n
dz
dydt
t4M+n+1
dx
provided that 2i−2rB > 1. If 2
i−2rB ≤ 1, we define J2,1 = 0.
By proceeding in the same way as (5.2) and taking into account (4.11) and [61,
Lemma 3.8] we get, for α > 1,
J2 ≤ C‖b‖
2
2|2
iB|((2irB)
1−α + e−c(2
irB)
2
) ≤ C‖b‖22|2
iB|(2irB)
1−α
≤ C|2iB|‖χ2iB‖
−2
p(·)2
2in/p−r4M+nB (2
irB)
1−α
≤ C|2iB|‖χ2iB‖
−2
p(·)2
−i(α−1−2n/p−)r4M+n+1−αB .
By choosing α = 4M + n+ 1, it follows that
J2 ≤ C2
−i(4M+n−2n/p−)|2iB|‖χ2iB‖
−2
p(·),
and since 2M > n(2/p− − 1/2− 1/p+), there exists η > n(1/p− − 1/p+) such that
J2 ≤ C2
−2iη|2iB|‖χ2iB‖
−2
p(·).
By combining the above estimates it follows that
‖S∞L (m)‖L2(Si(B)) ≤ C2
−iη|2iB|1/2‖χ2iB‖
−1
p(·), i ∈ N, i ≥ 3,
with η > n(1/p− − 1/p+). When i = 0, 1, 2 as in the previous case we get also this
estimation.
Thus we have proved that (5.1) holds for local molecules of (II)-type.
The proof can be completed by using a density argument.
6. Proof of Theorem 1.4
Firstly we prove that H
p(·)
L+I(R
n) ⊂ h
p(·)
L (R
n). Let f ∈ H
p(·)
L+I(R
n) ∩ L2(Rn).
Consider M ∈ N such that M > n(2/p− − 1/2 − 1/p+) + 1/2 and ε > n(1/p− −
1/p+). According to [61, Theorem 3.15], for every j ∈ N, there exist λj > 0
and a (p(·), 2,M, ε)L+I -molecule mj associated to the ball Bj = B(xBj , rBj ) with
xBj ∈ R
n and rBj > 0, such that f =
∑
j∈N λjmj in L
2(Rn) and in H
p(·)
L+I(R
n), and∥∥∥∥∥∥∥
∑
j∈N
(
λj
χBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
∼ ‖f‖
H
p(·)
L+I(R
n)
.
Our objective is to see that SlocL (f) ∈ L
p(·)(Rn), e−Lf ∈ H
p(·)
I (R
n) and that
‖SlocL (f)‖p(·) + ‖SI(e
−Lf)‖p(·) ≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λj
χBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
.
By considering Lemma 3.9 it is sufficient to show that there exist C > 0 and
η > n(1/p− − 1/p+) such that, for every j ∈ N,
‖SlocL (mj)‖L2(Si(Bj)) + ‖SI(e
−Lf)(mj)‖L2(Si(Bj))
≤ C2−iη|2iBj |
1/2‖χ2iBj‖
−1
p(·), i ∈ N0.(6.1)
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Let m be a (p(·), 2,M, ε)L+I -molecule associated to B = B(xB , rB), with xB ∈
Rn and rB > 0. Then, there exists b ∈ L2(Rn) such that m = (L + I)Mb and, for
every k ∈ {0, ...,M},
(6.2) ‖(L+ I)k(b)‖L2(Si(B)) ≤ 2
−iεr
2(M−k)
B |2
iB|1/2‖χ2iB‖
−1
p(·), i ∈ N0.
We note that if rB ≥ 1, then m is also a (p(·), 2,M, ε)L,loc-molecule of (I)-type.
Then, according to (4.1), (6.1) holds for m, provided that rB ≥ 1.
Assume now that rB ∈ (0, 1). We can write
(6.3) Le−t
2L − (L + I)e−t
2(L+I) = (1− e−t
2
)Le−t
2L − e−t
2
e−t
2L, t > 0,
so we have that
SlocL (g) ≤ S
loc
L+I(g) +H(g) +Q(g),
where
H(g)(x) =
(∫ 1
0
∫
B(x,t)
|t2(1 − e−t
2
)Le−t
2L(g)(y)|2
dydt
tn+1
)1/2
, x ∈ Rn,
and
Q(g)(x) =
(∫ 1
0
∫
B(x,t)
|t2e−t
2
e−t
2L(g)(y)|2
dydt
tn+1
)1/2
, x ∈ Rn,
for every g ∈ L2(Rn).
According to [61, (3.13)] we can find C > 0 and η > n(1/p− − 1/p+) such that
‖SlocL+I(m)‖L2(Si(B)) ≤ ‖SL+I(m)‖L2(Si(B)) ≤ C2
−iη|2iB|1/2‖χ2iB‖
−1
p(·) i ∈ N0.
We analyze the operator H. We can write
‖H(m)‖2L2(Si(B))
≤ C
∫
Si(B)
(∫ 2i/2rB
0
+
∫ 1
2i/2rB
)∫
B(x,t)
|t4Le−t
2L(m)(y)|2
dydt
tn+1
dx
= I1 + I2,
provided that 2i/2rB < 1, and, in other case I2 = 0.
Let i ∈ N, i ≥ 3. We observe that if x ∈ Si(B), t ∈ (0, 2i/2rB), y ∈ B(x, t) and
z ∈ (2i+2B \ 2i−3B)c, then |y − z| ≥ c2irB. Then, by decomposing m = m1 +m2,
with m1 = mχ2i+2B\2i−3B, we have that
I1 ≤ C
(∫
Si(B)
∫ 2i/2rB
0
∫
B(x,t)
|t4Le−t
2L(m1)|
2 dydt
tn+1
dx
+
∫
Si(B)
∫ 2i/2rB
0
∫
B(x,t)
(
t2
∫
(2i+2B\2i−3B)c
e−c|z−y|
2/t2
tn
|m(z)|dz
)2 dydt
tn+1
dx
)
≤ C
(
‖SL(m1)‖
2
2+
+‖m‖22
∫
Si(B)
∫ 2i/2rB
0
t3−ne−c(2
irB)
2/t2
∫
B(x,t)
∫
Rn
e−c|z−y|
2/t2
t2n
dzdydtdx
)
≤ C
(
‖m1‖
2
2 + ‖m‖
2
2|2
iB|
∫ 2i/2rB
0
t3−ne−c(2
irB)
2/t2dt
)
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≤ C
(
2−2iε|2iB|‖χ2iB‖
−2
p(·)
+|2iB|‖χ2iB‖
−2
p(·)2
−2in(1/2−1/p−)rnB
∫ 2i/2rB
0
t3−n
(
t
2irB
)γ
dt
)
≤ C|2iB|‖χ2iB‖
−2
p(·)
(
2−2iε + 2−2in(1/2−1/p
−)rnB
(2i/2rB)
γ−n+4
(2irB)γ
)
≤ C|2iB|‖χ2iB‖
−2
p(·)
(
2−2iε + 2−2i(n(1/2−1/p
−)+γ/4−1+n/4)r4B
)
≤ C2−2iε|2iB|‖χ2iB‖
−2
p(·),
where γ > n− 4 and it is chosen large enough in order that n(1/2− 1/p−) + γ/4−
1 + n/4 > ε.
On the other hand, by taking into account the Gaussian estimates (1.2) it follows
that the family of operators {e−t
2L/2(L+ I)M t2Me−t
2L/2}t∈(0,1) is bounded in the
space L(L2(Rn)) that consists of those linear bounded operators from L2(Rn) into
itself and that is endowed with the usual norm. Then, we have that
I2 =
∫
Si(B)
∫ 1
2i/2rB
∫
B(x,t)
|t4Le−t
2L((L + I)M b)(y)|2
dydt
tn+1
dx
≤ C
∫
Si(B)
∫ 1
2i/2rB
∫
B(x,t)
|t2Le−t
2L/2(L + I)M t2Me−t
2L/2(b)(y)|2
dydt
tn+4M−3
dx
≤ C
∫ 1
2i/2rB
∫
Rn
|t2Le−t
2L/2(L+ I)M t2Me−t
2L/2(b)(y)|2
dydt
t4M−3
≤ C
‖b‖22
(2i/2rB)4M−2
≤ C|2iB|‖χ2iB‖
−2
p(·)r
4M
B
2−2in(1/2−1/p
−)
(2i/2rB)4M−2
≤ C|2iB|‖χ2iB‖
−2
p(·)2
−2i(n(1/2−1/p−)+M−1/2).
By considering the conditions on M and ε we conclude that
‖H(m)‖L2(Si(B)) ≤ C2
−iη|2iB|1/2‖χ2iB‖
−1
p(·),
for some η > n(1/p− − 1/p+). Also, the L2-boundedness of SL and (4.2) give this
estimation also for i = 0, 1, 2, because, in these cases
‖H(m)‖L2(Si(B)) ≤ ‖H(m)‖2 ≤ C‖SL(m)‖2 ≤ C‖m‖2 ≤ C2
−iη|2iB|1/2‖χ2iB‖
−1
p(·),
with η > 0.
In order to study the operator Q we proceed in a similar way. We observe that
the operator Q is bounded from L2(Rn) into itself. Indeed, for every g ∈ L2(Rn),
we have that
‖Q(g)‖2 =
∫
Rn
∫ 1
0
∫
B(x,t)
|t2e−t
2
e−t
2L(g)(y)|2
dydt
tn+1
dx
=
∫
Rn
∫ 1
0
|t2e−t
2
e−t
2L(g)(y)|2
dydt
t
≤
∫ 1
0
t3e−t
2
‖e−t
2L(g)‖22dt ≤ C‖g‖
2
2.
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This fact, the L(L2(Rn))- boundedness of the family of operators {e−t
2L/2(L +
I)M t2Me−t
2L/2}t∈(0,1) and the upper Gaussian estimate for the heat kernel associ-
ated with L allow us to show that
‖Q(m)‖L2(Si(B)) ≤ C2
−iη|2iB|1/2‖χ2iB‖
−1
p(·), i ∈ N0,
for some η > n(1/p− − 1/p+).
By putting together the above estimates we conclude that
‖SlocL (m)‖L2(Si(B)) ≤ C2
−iη|2iB|1/2‖χ2iB‖
−1
p(·),
with η > n(1/p− − 1/p+).
On the other hand, we observe that the operator (L+ I)Me−L is bounded from
L2(Rn) into itself. Moreover the kernel, K, of this integral operator satisfies that
|K(x, y)| ≤ Ce−c|x−y|
2
, x, y ∈ Rn. By proceeding as in the part of proof of Theorem
1.1 after (4.11) we deduce that, for certain η > n(1/p− − 1/p+),
‖SI(e
−Lm)‖L2(Si(B)) ≤ C2
−iη|2iB|1/2‖χ2iB‖
−1
p(·), i ∈ N0,
and so, (6.1) is established. A density argument allow us to conclude thatH
p(·)
L+I(R
n) ⊂
h
p(·)
L (R
n) algebraic and topologically.
We now prove that h
p(·)
L (R
n) ⊂ H
p(·)
L+I(R
n). Let us consider M ∈ N such that
2(M − 1) > n(2/p− − 1/2 − 1/p+) and ε > n(1/p− − 1/p+). Let f ∈ h
p(·)
L (R
n) ∩
L2(Rn). According to Theorem 1.1, for every j ∈ N, there exist λj > 0 and a
(p(·), 2,M, ε)L,loc-molecule mj associated to the ball Bj such that f =
∑
j∈N λjmj ,
in L2(Rn) and in h
p(·)
L (R
n), and∥∥∥∥∥∥∥
∑
j∈N
(
λj
χBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
≤ C‖f‖
h
p(·)
L (R
n)
.
Our objective is to see that f ∈ H
p(·)
L+I(R
n) and that
‖SL+I(f)‖p(·) ≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λj
χBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
.
According to Lemma 3.9 these facts will be proved when we show that, for every
j ∈ N,
‖SL+I(mj)‖L2(Si(Bj)) ≤ C2
−iη|2iBj |
1/2‖2iBj‖
−1
p(·), i ∈ N0,
for some η > n(1/p− − 1/p+).
Assume that m is a (p(·), 2,M, ε)L,loc-molecule associated to the ball B =
B(xB , rB) with xB ∈ Rn and rB > 0. We can write
SL+I(m) ≤ S
loc
L+I(m) + S
∞
L+I(m),
where
S∞L+I(m)(x) =
(∫ ∞
1
∫
B(x,t)
|t2(L+ I)e−t
2(L+I)m(y)|2
dydt
tn+1
)1/2
, x ∈ Rn.
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Suppose that rB ≥ 1. Then, m is also a (p(·), 2,M, ε)L+I,loc-molecule. Hence,
by (4.1) with L+ I instead of L,
‖SlocL+I(m)‖L2(Si(B)) ≤ C2
−iη|2iB|1/2‖χ2iB‖
−1
p(·),
for some η > n(1/p− − 1/p+).
On the other hand, by denotingWL+It andW
L
t the heat kernels defined by L+I
and L, respectively, we have that WL+It = e
−tWLt , t > 0, and
|WL+It (x, y)| ≤ Ce
−t e
−c|x−y|2/t
tn/2
, x, y ∈ Rn and t > 0.
Also, for every t > 0, the kernelWt of the integral operator (L+I)e
−t2(L+I) satisfies
that
|Wt(x, y)| ≤ Ce
−t2 e
−c|x−y|2/t2
tn+2
, x, y ∈ Rn.
Since SL+I is a bounded (sublinear) operator from L
2(Rn) into itself, we can
proceed as in the proof of (5.1) for molecules of (I)-type to obtain that
‖S∞L+I(m)‖L2(Si(B)) ≤ C2
−iη|2iB|1/2‖χ2iB‖
−1
p(·), i ∈ N0,
for some η > n(1/p− − 1/p+).
Suppose now that rB ∈ (0, 1). There exists b ∈ L2(Rn) such that m = LMb and,
for every k ∈ {0, ...,M},
‖Lk(b)‖L2(Si(B)) ≤ 2
−iεr
2(M−k)
B |2
iB|1/2‖χ2iB‖
−1
p(·), i ∈ N0.
We define b = LM−1b. Since rB ∈ (0, 1), b s a (p(·), 2,M − 1, ε)L,loc-molecule
associated with the ball B of (II)-type. It is clear that m = Lb.
We can write
(SlocL+I(m)(x))
2 =
∫ 1
0
∫
B(x,t)
|t2(L+ I)e−t
2(L+I)(m)(y)|2
dydt
tn+1
≤ C
(∫ 1
0
∫
B(x,t)
|e−t
2
t2Le−t
2L(m)(y)|2
dydt
tn+1
+
∫ 1
0
∫
B(x,t)
|e−t
2
t2Le−t
2L(b)(y)|2
dydt
tn+1
)
≤ C((SlocL (m)(x))
2 + (SlocL (b)(x))
2), x ∈ Rn.
According to (4.1) we conclude that
‖SlocL+I(m)‖L2(Si(B)) ≤ C(‖S
loc
L (m)‖L2(Si(B)) + ‖S
loc
L (b)‖L2(Si(B)))
≤ C2−iη|2iB|1/2‖χ2iB‖
−1
p(·), i ∈ N0,
for some η > n(1/p− − 1/p+).
Also, for every i ∈ N0, we have that
‖S∞L+I(m)‖
2
L2(Si(B))
=
∫
Si(B)
∫ ∞
1
∫
B(x,t)
|t2(L + I)e−t
2(L+I)(LM b)(y)|2
dydt
tn+1
dx
=
∫
Si(B)
∫ ∞
1
∫
B(x,t)
|e−t
2
(t2L)M+1e−t
2L(b)(y)|2
dydt
tn+4M+1
dx
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+
∫
Si(B)
∫ ∞
1
∫
B(x,t)
|e−t
2
(t2L)Me−t
2L(b)(y)|2
dydt
tn+4M−3
dx.
We can proceed as in the proof of (5.1) for molecules of (II)-type to obtain
‖S∞L+I(m)‖L2(Si(B)) ≤ C2
−iη|2iB|1/2‖χ2iB‖
−1
p(·), i ∈ N0.
Hence
‖SL+I(m)‖L2(Si(B)) ≤ C2
−iη|2iB|1/2‖χ2iB‖
−1
p(·), i ∈ N0,
and we deduce that f ∈ H
p(·)
L+I(R
n) and
‖f‖
H
p(·)
L+I(R
n)
≤ C
∥∥∥∥∥∥∥
∑
j∈N
(
λj
χBj
‖χBj‖p(·)
)p1/p
∥∥∥∥∥∥∥
p(·)
.
As usual by using density arguments we get that h
p(·)
L (R
n) ⊂ H
p(·)
L+I(R
n) and the
inclusion is continuous.
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